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Abstract

This dissertation presents the first experiments on radio frequency (rf) spec-
troscopy of a quasi-two dimensional strongly interacting ultracold atomic Fermi
gas. A 50-50 mixture of spin-up and spin-down atoms is confined in a series
of pancake-shaped traps produced using an optical standing-wave. To make the
system quasi-two dimensional, I adjust the Fermi energy in the weakly confined
direction to be comparable to the harmonic oscillator energy level spacing in the
tightly confined direction. For a perfectly two dimensional system, at low enough
temperature, spin-up and spin-down atoms should form dimers in the ground
state of the tightly confined direction. However, in our quasi-two dimension-
al system I find that the simple dimer theory does not agree with the measured
radio-frequency spectra. Instead, the data can be explained by polaron to polaron
transitions, which is a many-body effect. Here, a polaron is a spin-down impurity
surrounded by a cloud of particle-hole pairs in a spin-up Fermi sea. With this
unique strongly interacting quasi-two dimensional system, I am able to study the
interplay between confinement induced two-body pairing and many-body physics
in confined mesoscopic systems of several hundred atoms, which has not been

previously explored and offers new challenges for predictions.
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Chapter 1
Introduction

My dissertation is on the radio frequency spectroscopy of a quasi-two dimensional
ultracold strongly interacting Fermi gas, which contains a 50-50 mixture of the
lowest two hyperfine states of 5Li, |1) and |2). Strong interactions are achieved
using a magnetically tunable collisional (Feshbach) resonance. An optical stand-
ing wave confines the atom cloud in a series of pancake-shaped traps as shown in
Figure 1.1. The harmonic oscillation frequency v, in the tightly confined direction
is about 25 times v, , where v, is the oscillation frequency in the weakly confined

transverse plane.

———————————————————————————————————————————————————————————————————————————————————————————————————————

| Along CO, laser direction Z !
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Figure 1.1: CO, laser standing wave trap (a) and axial energy level (b).u shows
the chemical potential for Ny atoms in the ground state and N; in the first excited
state.

The highest occupied energy level in the transverse plane at zero temperature



is the transverse Fermi energy Er ;. When all atoms are in the ground axial state,
Er. = hv /N, which determines the geometry of the system. Here N is the total
atom number in one pancake, which can be measured experimentally. When Fr
is much smaller than the energy spacing hv, in the axial direction, the system
approaches the ideal 2D limit and all the atoms are in the axial ground state.
When Er, is comparable to hv,, the system is quasi-2D and can be described by
using a few axial states as shown in Figure 1.1(b) [1]. In our quasi-2D system,
Er, ~ 1.5hv,, but more than 90% of the atoms are still in the axial ground state
at zero temperature.

The 2D confinement induces atoms to bind into dimers even when the atoms
would be unbound in free space in 3 dimensions. Several groups have observed
radio frequency spectra, through which the dimer binding energy Ej can be mea-
sured. The measurements agree with dimer theory when Fr, < hv, [2] [3]. In
our experiment Fp, ~ 1.5hv, and Ej, is magnetically tunable. In the strongly
interacting region near the Feshbach resonance Fj, ~ 0.25hv,. Here we observe a
large discrepancy with dimer theory predictions [4].

Since in the strongly interacting region FEj is comparable to Er,, in oth-
er words, the dimer size is comparable to the interparticle spacing, many-body
modification of the dimer binding energy is a possible explanation for our ob-
served discrepancies. This strongly interacting many-body modification does not
exist in a nearly 2D system, where Fr, < hr,. In order to have many-body
effects, where E, ~ Ep,, the binding energy needs to be small £, < hv, and
the system is weakly interacting. The weakly interacting many-body effect gives
no modification to dimer theory since 2D BCS theory [5], which describes the

system, gives the same prediction as dimer theory.



Table 1.1: Comparison of 2D and quasi-2D systems.

2D Quasi-2D
FEr| < hy, FEr, ~ hv,
for Ep| ~ Ey, require By, < hv, for Ep, ~ Ey, require By ~ huv,
weakly interacting many-body system strongly interacting many-body system
explainable by can not be explained by
dimer theory and 2D BCS theory simple dimer theory

2D BCS theory is not applicable in the strongly interacting region. However,
we find that our data can be explained by transitions between non-interacting
2D polaron states. Here a polaron is an atom in one hyperfine state surrounded
by a cloud of particle-hole pairs in another hyperfine state. Table 1.1 lists the
comparison of 2D and quasi-2D systems. This dissertation is the first study of
pairing in a quasi-two dimensional Fermi gas [4]. Our experiments have spurred
several theoretical works [1,6,7] in order to understand how the system changes

in the quasi-2D geometry.

1.1 Background

In order to explain my work, background knowledge of this field is necessary.
In §1.1.1, T will generally introduce some previous research in ultracold Fermi
gases and its importance. In §1.1.2, the key concepts “Feshbach resonance”, by
which the system achieves strongly interaction, and “BEC-BCS crossover” will

be introduced.



1.1.1 Fermi gases with tunable interactions

Optical methods have been used to control and study atomic systems for a long
time. Currently, a large branch of modern physics is atomic, molecular and optical
(AMO) physics. In AMO physics, laser cooling and trapping of atoms is a rapidly
developing area. In 1997, the Nobel Prize was given for laser cooling and trapping
of neutral atoms. But the real boom in this field started from the realization
of Bose-Einstein condensation (BEC) in 1995, which led to the Nobel price in
2001. This condensation means that when the system is cooled down to a certain
transition temperature all the bosons occupy the ground state in energy space.
Although BEC was theoretically predicted in papers by Satyendra Nath Bose
and Albert Einstein in 1924—25, it took nearly 70 years to be realized. Many
experiments have been done since then to study this novel phase of matter. While
research in cold Bose systems was still active, laser cooling techniques started
being used to cool Fermi gases.

Fermi gases are more important for understanding nature than Bose gases.
Fermions are the building blocks of matter, like protons, neutrons and electrons.
According to Pauli-exclusion principle, only one fermion can occupy one quantum
state. So, even at zero temperature, fermions must pile up in energy space, one for
each energy state, instead of crowding in the ground state like bosons. Although
there is no BEC, ultracold Fermi systems have another novel phase of matter,
superfluid pairs.

Quantum effects become paramount when the system reaches quantum de-
generacy. As the atomic Fermi gas is cooled down, the de Broglie wavelength Ap
of the atoms increases since Ay = h/(y/2rmkgT). We call the system degenerate

when the wave packets of the particles start overlapping with each other. In oth-



er words, the de Broglie wavelength of atoms is comparable to the interparticle
spacing, where n3A3 ~ 1 in a 3D system or nyA% ~ 1 in a 2D system. Here n
is the atomic density. Degenerate Fermi gases have been created since 1999 by
using several methods, such as double rf knife evaporative cooling of “°K in a
magnetic trap [8], sympathetic cooling SLi with "Li in a magnetic trap [9-11] and
evaporative cooling in an optical dipole trap [12,13].

In 2002, the first degenerate strongly interacting degenerate Fermi gas was
created by our group at Duke in °Li [14]. Anisotropic expansion in this system
provided an early suggestion of the existence of quantum Fermi superfluid. We
choose the alkali atom Li because of its simple atomic structure and the fact that
it has a broad collisional (Feshbach) resonance. We keep it as gas in order to make
the system dilute. In other words, we want the interparticle spacing to be much
longer than the effective range of the atomic potential. This assures that two-
atom collisions dominate, which gives us a simple system to study since we can
ignore collisions involving three or more atoms. This is also very important for
achieving resonant scattering in a Fermi gas, which leads to strong interactions.

In this ultracold Fermi gas, atoms interact with each other by collisions. The
atoms can not see the details of the atomic potential when they collide, since the
de Broglie wavelength is much longer than the effective range R. The atoms only
feel the potential at long length scales, which is described by quantum scattering
theory. The formal way to solve this scattering problem is to do a partial wave
expansion in the angular momentum components [ of the incoming and outgoing
waves. Since the atoms move so slowly, | = R/A\p < 1, only the lowest order [ = 0
wave matters, which is spherically symmetric, so called s-wave scattering. The

atomic potential look like large symmetric balls in collisions. The incoming atom



can not see any detailed structure of the scattering potential. The strength of the
collisional interaction between the atoms is determined by the s-wave scattering
length for the two spin states. When the interaction between atoms is strong, the
behavior of Fermi system will not depend on the details of the atomic potential.
We call such a gas a unitary Fermi gas. The only length scales that matter in the
system are the average interparticle spacing, which is determined by the density
n, and the thermal de Broglie wavelength Ar. The unitarity of the ultracold
Fermi gas allows it share similarity with other strongly interacting Fermi systems
in nature [15-17], such as quark-gluon plasma and neutron matters [18].

Let me take an example of the anisotropic expansion behavior we observed
in our Fermi gas [14]. This unique hydrodynamic behavior is called “elliptic
flow” [14]. Similar hydrodynamic expansion has been observed in the quark gluon
plasma created at the Relativistic Heavy Ion Collider (RHIC) at Brookhaven
National Laboratory. The quark-gluon plasma is an extreme form of matter that
is believed to have existed tens of us after the Big Bang. It is remarkable that
the quark-gluon plasma is 19 orders of magnitude higher in temperature and 25
orders of magnitude higher in density than our ultracold dilute Fermi gas, yet
both systems have similar hydrodynamic behavior and extremely low viscosity.
In addition, there is an interesting connection to string theory, which predicts a
minimum ratio of shear viscosity to entropy density for a broad class of strongly
interacting systems [19].

A high temperature superconductor also has similarity with the strongly in-
teracting Fermi gases. The “high temperature” here is relative to the “ordinary”
or metallic superconductors which usually have transition temperatures close to

absolutely zero. The highest known transition temperature is 138 K which is still



around 160 degrees lower than room temperature. BCS theory successfully ex-
plained ordinary superconductivity by using loosely bound Cooper pairs formed
by spin-up and spin-down electrons in momentum space. This type of pairing
leads to superfluidity below a critical temperature T,.. This critical temperature
T. can be raised by increasing the interaction strength between atoms. Em-
ploying a collisional (Feshbach) resonance as discussed below we can tune the
interaction so that T, is a large fraction of the Fermi temperature Tr, roughly
T./Tr = 0.20 [20-25] in strongly interacting Fermi gases. However, for a metal,
Tr is on the order of thousands of degrees Kelvin. If the critical temperature for
superconductivity in a solid scaled the same way as in our Fermi gas, it would be
far above room temperature. The similarity of these two systems can be used to

test current theoretical predictions for high temperature superconductors.

1.1.2 Feshbach resonance in °Li and BEC-BCS crossover

A Feshbach resonance in the s-wave scattering between two states is the key to
obtain strong interactions [26].The Pauli exclusion principle prevents identical
fermions from s-wave scattering. In order to have interaction, we use a two-
component Fermi gas with atoms in two of the lowest three hyperfine states of
SLi. T will discuss these states in detail in Chapter 2.

Feshbach resonance arise in nuclear physics and is named after physicist Her-
man Feshbach [27]. It was predicted that a Feshbach resonance would exist in
alkali atomic systems in 1993 [28]. Alkali atoms have only one valence elec-
tron (s = 1/2). For a two-atom system, the spin state can be either singlet
(S =851+ =0, Mg =0) or triplet (S =581+, =1,M; =—1,0,1). Here S is

the total electron spin number and M; is the z-component projection.
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singlet bound state (solid horizontal blue line) and triplet scattering state (red
dashed line) are shown. (a) corresponds to BEC side; (b) corresponds to on
resonance; (c) corresponds to BCS side.



In Figure 1.2, schematics of molecular potentials for both singlet and triplet
states are shown. Bound molecular states exist in the deep singlet potential. Here
we only consider the highest one. For the shallow triplet potential, the incoming
two-atom scattering state is higher in energy than the singlet bound state in the
energy space. When an external magnetic field is applied, the Zeeman shift for
the triplet scattering state changes the relative position of its energy level with
respect to the singlet bound state. Feshbach resonance happens when the energy
of the triplet scattering state is tuned to the singlet bound state energy. In our
Li atomic system, for high magnetic field, single atoms in hyperfine states |1),
|2) or |3) are mostly ms = —1/2 as shown in Table 2.2 and Figure 2.1. Hence the
total spin state for two colliding atoms state is a triplet state. Electron magnetic
moments dominate while the nuclear moment is 10* times smaller. Since only the
energy of the triplet state can be tuned by external magnetic field, any mixture

of two of these three hyperfine states can have a Feshbach resonance.
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Figure 1.3: S-wave scattering length versus magnetic field for °Li (1,2) scattering
channels.



The zero-energy s-wave scattering length would reach infinity on resonance
as shown in Figure 1.3 [29], where interaction between atoms reaches maximum.
Here 1 only show the ®Li scattering length for hyperfine states 1 and 2 as an
example. I will discuss scattering lengths for other combinations of hyperfine
states in ®Li later in Figure 3.2 in chapter 3.

When the magnetic field is small and the triplet scatting state is still above the
singlet bound state as shown in Figure 1.2(a), atoms tend to fall into the bound
state and form stable molecular dimers. Here Bose-Einstein condensation (BEC)
can exist at low temperature. This corresponds to the left side of resonance in
Figure 1.3 and is called the BEC side. Conversely, when the magnetic field is large
enough to tune the energy of the triplet scattering state below the singlet bound
state as shown in Figure 1.2(c), atoms tend to stay in the scattering state. The
singlet molecular state is unstable and decays into the triplet continuum due to the
hyperfine coupling. At low temperature, atoms can form weakly bound boson-like
Cooper pairs and the Fermi gas turns into a superfluid. This corresponds to the
right side of the resonance in Figure 1.3. Since Cooper pairs are the description
given by the microscopic theory of low temperature superconductivity proposed
by John Bardeen, Leon Neil Cooper, and John Robert Schrieffer(BCS), this side
of the Feshbach resonance is called the BCS side.

The whole region across the Feshbach resonance is the so called BEC-BCS
crossover region. The fact that the system can be tuned smoothly between a
molecular dimer BEC and a BCS superfluid, which is caused by many-body ef-
fects, through the Frshbach resonance makes the BEC-BCS crossover a region of

great interest.
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1.2 Rf spectroscopy in Fermi gases

Radio frequency spectroscopy is the tool we use to study the quasi-2D system.
In §1.2.1, I will give a short introduction of the pairing energy experiments using
the radio frequency spectroscopy. I will also talk about the previous research
on cold gases in reduced dimensions. In §1.2.2, T will give a brief overview of rf

spectroscopy in a quasi-2D Fermi gas.

1.2.1 Previous rf spectroscopy experiments and research

on ultracold gases in reduced dimensions

After the realization of degenerate strongly interacting Fermi gas, several groups
searched for proof of superfluidity and looked for pairing in this system [30-33].
In 2004, the Innsbruck group directly observed the energy gap by using a radio-
frequency(rf) spectroscopy method [34]. A second peak was observed beside the
bare atomic resonance transition through the whole BEC-BCE crossover, which
was interpreted as evidence for pairing and proof of superfluidity. Later in 2006,
pairing in spin imbalanced strongly interacting Fermi gas was studied by Hulet’s
group [35]. In 2007, MIT group used radio frequency(rf) spectroscopy method
to study the imbalanced Fermi gas [36]. They observed pairing of the minority
component for both the normal and superfluid states which means the system
does not need to be superfluid to have pairing as the 2004 paper claimed. They
also used in situ phase-contrast imaging and the inverse Abel transformation [37]
to obtain spatially resolved rf spectroscopy [38]. In their 2008 paper [39,40],
they did radio frequency(rf) transitions from a mixture of SLi hyperfine states,

|1) and |3), to the final states, |1) and |2). This method avoids strong final state
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interactions as in the previous experiments working from the mixture of |1) and
|2), since |2) only weakly interacts with states |1) and |3) for magnetic field near
the 1-3 Feshbach resonance.

These works in three-dimensional (3D) °Li strongly interacting Fermi gas show
the radio frequency(rf) spectroscopy is a powerful tool to study pairing. These
experiments also raised some important problems to consider when using the radio
frequency (rf) spectroscopy method, such as final state interactions and mean field
shifts caused by the inhomogeneous density in the harmonic trapping potential.

On the another hand, experiments on ultracold atomic systems in reduced
dimensions were motivated by finite size effects which are crucial in the physics
of quantum dots [41], in studying how spontaneous emission is modified in cav-
ities [42-44], and in understanding the properties of thin superconducting film-
s [45].

In the solid state context, strongly interacting two-dimensional Fermi gases
were studied in the cuprates, in two-dimensional electron gases in nanostruc-
tures [46], and in thin 3He films [47].

Ultracold atomic systems are impurity-free and tunable. In Bose gases, 1D
to 2D dimensional crossover effects had been studied experimentally in combined
magnetic and optical potentials [48] as well as in optical lattices [49-51]. With
tunable interactions, energy and spin composition, ultracold Fermi gases are ide-
ally suited for exploring pairing interactions in reduced dimensions. [3,5,52-55].
Important questions can be studied about the role of dimensionality, finite size
and many-body effects.

Our group chose a quasi-two dimensional system since it plays a pivotal role in

quantum many-body physics. The restriction of motion also profoundly increases
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the role of fluctuations and leads to qualitatively new effects in the interaction
between atoms [15,56-61]. We focused on directly observing the pairing energy
in this quasi-two dimensional system by using radio frequency(rf) spectroscopy.

Based on zero-temperature two dimensional dimer theory, two-dimensional(2D)
connement can stabilize bound dimers in the the whole BEC-BCS region [5,57],
while in free space, bound dimers exist only in the BEC regime. These dimers
are called confinement induced dimers.

Experimental studies were done by several groups including our group re-
cently. Kohl’s group in Cambridge studied fermion pairing energy in nearly
two-dimensional °Li Fermi gas using radio frequency(rf) spectroscopy method
in optical lattice, which is formed by retro-reflected laser beam of wavelength
A = 1064 nm [3]. They observed the confinement induced dimer pairing energy
directly. Zwierlein’s group in MIT studied the evolution of °Li fermion pairing
from three to two dimensions using radio frequency(rf) spectroscopy as well [55].
They also used optical lattice generated by retro-reflected beam of wavelength
A = 1064 nm. They observe a second peak appear in the spectrum as the dimen-
sion was reduced from 3D to 2D, which corresponds to the confinement induced
dimer pairing energy.

For both Fermi gases in K6hl’s group and Zwierlein’s group, the 2D (ideal gas)
Fermi energies Er| = hv VN are very small compared with energy level spacing
in the tightly confined direction hv,, i.e. Er, < hr,, which makes the system
close to pure two-dimensional. While the pairing energy observed experimentally
agreed with theoretical prediction very well in Zwierlein’s group, Kohl’s group saw
some discrepancies, which have been interpreted in terms of 2D polarons [6, 7].

In contrast, our rf spectra in BEC-BCS crossover region with Er; = 1.5hv, show
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large discrepancies from the dimer theory in quasi-two dimensional system [4].

1.2.2 Rf spectroscopy of a quasi-2D Fermi gas

In my thesis, I study pairing in a quasi-two dimensional Fermi gas of SLi in
standing wave COy optical traps with a wavelength A\ = 10.6 ym as shown in
Figure 1.1. The ratio of the ideal gas transverse Fermi energy Fp, = hv VN
to the energy level spacing hr, of the tightly conning potential is held nominally
constant, with Er; ~ 1.5hv,. In this case, the system is not strictly 2D, but is
far from 3D, as at most the first few oscillator states are relevant for many-body

predictions [53].

Figure 1.4: Bare-atom transition from state 2 to 3.

We work with a 50-50 mixture of °Li hyperfine states 1-2 or 1-3. Radio-
frequency(rf) transitions are driven to initially empty states (for 1-2 mixture, we
drive 2 to 3; for 1-3 mixture, we drive 1 to 2; for 1-3 mixture, we drive 3 to 2).
The depletion of the initial occupied state is measured. We observe a two-peak rf
spectra for all the transitions at low temperature, as shown in Figure 1.5. The left
peak corresponds to the bare atomic transition from 2 to 3 as shown in Figure 1.4.
The broader peak on the right side is caused by the binding energy of 1-2 pairing,

since more energy is needed to break the pair.
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Figure 1.5: Data fitting with dimer transition theory in the BEC region. This
spectrum was taken at 720G. Data are blue dots while red line is theory fitting.

The dimer binding energy FEj, can be tuned by an external magnetic field.
Well-below the Feshbach resonance in the molecular BEC region, E, > Ep,|.
Here the dimers are small compared to the interparticle spacing. The observed
spectra exhibit the expected threshold form and agree with the dimer transition
theory quite well as shown in Figure 1.5.

However, around the Feshbach resonance, a large discrepancy was observed
between the data and the dimer transition theory. We calculate the whole spec-
trum based on dimer theory, which I will discuss in detail in Chapter 3. In
Figure 1.6, I show the dimer theory prediction of the rf spectrum on the top of
the experimental result. We also tried to use 2D BCS theory to explain our data
to include many-body effects. However, it gives the same prediction as the dimer
theory [5].

When we go further in considering many-body effects, we find that the peak
locations in the spectra can be described by transitions between noninteracting

polaron states, i.e., an impurity atom in state 2 or in state 3, immersed in a cloud

15



) 35;_&\ }H‘ﬁ ;o 7t ,,/»—fi
X I e-|le - . 1
R LT
§ E \§\§ //// }. ° :
P PR % ) !
g E\iéi }H% b} :
g 20f ] N % 8/ % # ]
§ i DH {‘f 1

15[ RN ¢ -

Frequency (kHz)

Figure 1.6: Data with dimer transition theory prediction around Feshbach res-
onance. This spectrum was taken at 832G. Data are blue dots while red dashed
line is theory prediction.

of particle-hole pairs in state 1. In Figure 1.7, a schematic shows a 1-2 polaron
to 1-3 polaron transitions. In this regime, where Er; > Ej, the polaron binding
energy is larger than the corresponding dimer binding energy. For the case in
Figure 1.6, the 12 polaron binding energy E)? = 24.7 kHz, while the 12 dimer
binding energy E}? = 7.25 kHz. The 13 polaron binding energy E;?’ = 13.1 kHz,
while the 13 dimer binding energy E}* = 0.81 kHz. Near the Feshbach resonance,

polarons are expected to be energetically more favorable than the corresponding

dimers when Fr, > Ej [2,61,62].
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Figure 1.7: 1-2 polaron to 1-3 polaron transitions.

We believe that our experimental results exhibit many-body effects in the
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strongly interacting region. Our experiments have spurred several theoretical pa-
pers. Pietila found that in the limit of weak attraction, the gas can be described in
terms of effective polarons, which qualitatively explained our data. He also found
a crossover from a gas of noninteracting polarons to a pseudogap regime, which
qualitatively explained the differences in the experimental measurements in our
group and Zwierlein’s group [7]. Recently, Parish’s group qualitatively explained
our data showed that higher axial states can substantially modify fermion pairing.
By using a modified BCS theory, they argued that our pairing experiment has
already observed the effects of higher axial states [1].

For transitions starting from a 1-3 mixture, the pairing energy extracted from
the spectra does not agree with the dimer transition theory in the BEC-BCS
crossover. We do not fully understand all of the spectra. However, we believe the
spectra contain information about new many-body effects, which requires more

theoretical work.

1.3 Dissertation organization

I will introduce %Li hyperfine structure and the calculation of the radio frequency
spectra using Fermi’s golden rule in Chapter 2. Since wave functions for the
initial and the final states of the rf transitions are required for the spectrum
calculation, I will derive these wave functions first by assuming dimer transitions
and then assuming polaron transitions. In Chapter 3, wave functions of the dimer
bound states and the scattering states are derived. Transition frequencies and the
full spectrum will be calculated to fit our data. In Chapter 4, wave function of

2D polaron states are used as the initial and final states for rf transition, and
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polaron transition frequencies are calculated for data fitting. In chapter 5, I
briefly introduce our experimental apparatus and methods, especially the set-up
for the quasi-two dimensional system. The data fits with both dimer theory and
polaron theory are discussed in chapter 6. Conclusions and a summary are given

in the last chapter.
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Chapter 2
Radio frequency Spectroscopy

Radio frequency spectroscopy is a very powerful method to study the properties
of a system. Basically, atoms are induced to jump from one energy level to
another by a rf pulse with an appropriate frequency. In order to understand
how atoms jump and how to extract information about the system from the rf
spectroscopy experiment, we need to know the °Li hyperfine energy levels and
the elementary theory of coherent rf spectroscopy for two-level systems. Based
on these background knowledge, I will introduce the Rabi frequency and show
how we experimentally measure it. I will also show how we accurately calibrate
the magnetic field by using rf spectroscopy. Finally, using Fermi’s Golden Rule
I will calculate the rf transition rate between initial and final states, with which

we can predict the rf spectrum and fit the experimental data.

2.1 Hyperfine Structure of °Li and Magnetic Field
Calibration

Here I will calculate the hyperfine states and energies of °Li in an applied magnetic
field. The %Li hyperfine structure plays an important role in the rf spectroscopy

experiment, since atoms will be excited among these hyperfine states and the
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energy differences between these states determine what frequency we should use
in the experiment.
Let us start by writing down the Hamiltonian for the °Li ground state hyperfine

interactions in a magnetic field:

a
H="8.1- 8441 B, (2.1)

I3 h
where the first term comes from the hyperfine interaction and the second term
comes from magnetic field Zeeman shift —m - B. The magnetic moment is m =
£2(gsS + g11) and the bias magnetic field B = Bé,. We use accurate parameters

with the values listed below in Table 2.1:

Table 2.1: °Li hyperfine parameters and g-factors for magnetic moments in Bohr
magnetons.

ground state magnetic hyperfine constant a’TLf = 152.1368407 x 10° Hz
Bohr magneton Lo =1.399624604 x 10° Hz/G
total electronic g factor g; = —2.0023010
the nuclear g factor gr = 0.0004476540

For B = 0, H = %S -1 Then the total spin F = I+ S is conserved:
[F,S-I] =0, where S = 1/2, I = 1. So, F and F, should be good quantum

numbers and we can use the |(S,I), F, Mp) basis, with S-I = 3 (F? —I? — §?),

H|(S, 1), F,Mp) = E,[(S, 1), F,Mp)
F(F+1)—I(I+1)—S(S+1)
2

SIS T1/(S, 1), F,Mp) = an

h2 |(S7I)7F7MF>

(2.2)
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Here,

f
E, =%

F
F

D= W

En = —Apf.

So, there are two F' energy levels and the energy difference between them is %ah £

For B#0, H= S -1—%(g,S.+ g;1.)B. We know that

F:%[H,F] _ % B. (2.3)

As B is along the z direction, p x B is perpendicular to the z direction. Hence,
.= —[H, F,]=0. (2.4)

Therefore, for B # 0, F, is still a good quantum number. So we will use the
|ms, my) basis, while F, = mg + m; is conserved. In order to work with this

basis, we can write the Hamiltonian as

B 1B
H="15 125 B0 + 2

2 - h 2h2(]+5 +1_5,). (2.5)

Here, I = I, +il,, St = S, +4S, and IS, + I,S, = 1(I,5_ + I_S;). H will
be block-diagonal in this basis if we order the six |mg, m;) based on the value of

F.. ¢ =%, a;lmg,my); where i =1,2,--- 6.

Hy = Ev (2.6)
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Hy Hiy O 0 0 0 o o
Hyy Hypy 0 0 0 0 Qo Qo
0 0 Hss Hsy O 0 Q3 _ o3 2.7)
0 0 Hsy3 Hu O 0 o s
0 0 0 0 Hs 0 Qs &%
0 0 0 0 0 Hgg Qg Qg

This allows us to break this 6 x 6 matrix into two 2 x 2 matrixes with F, = :l:%
and two simple 1 X 1 matrixes with F, = j:% that are easier to solve. Let’s solve

them one by one.

2.1.1 Casel, F, = %

When F, = 3, |mg,m;) = |3,0) or |—3,1). Let’s call them |a) and |b) respectively.
Then, i) = ala) + 8Ib)

L | any poB poB 1
Haa - _70 _IzSz I Sz - T Iz o) 0
<2 2 n n 9|9
L | any 1o B 1o B 1
Hy = (—21|%ps M2, g HOZ 1 "1
bb < o 2 2 97 7 gi 5
a
- —% + uoBg—z‘] — 1oBy (2.10)
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ahf S+

1 1
Ha = < 2n2 7| >

= V(S —me)(S +ms+ U/ +mi)(T —m+1)

= 5" = O, (2.11)

Now, use (2.9)—(2.11) in (2.8) and solve the determinant equation.

a a;
< —uoBY — E) ( Wy BY By — E) TR, (2.12)
2 2 2 2
1/a 1 /9
By =—3 (%f + #0391> + 5\/Za%f + (oB)*(=gs + 91)* + o B(—gs + gr)any-
(2.13)
In order to simplify the form of E., we define ¢y = ars wB(_g, 4 g;), and Z, =

g +1/2, Ry = /2 + Z2 following the notations in paper [63], then

E 1 wB | R
ZE_ - _ PB4 - (2.14)

Qpf 4 Q(th
Now put E. back in (2.8),

ahf

9J
—po B — Ej:) ot +
( V2

5 =P+ =0 (2.15)
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We get By = —\/LE(ZJr F R, )azx. Then since |ag|? + |BL]? = 1,

1
a. = :
V1+(Zy +Ry)?2/2
5 = b Zi+ Ry
S AV R
1
(0% = )
* V1+ (Zs — B2
1 R, -7,
= — ) 2.16
& V2\/1+ (Ry — Z,)2)2 (2.16)
We realize a_ =, and f_ = —a,. If we set sinfl, = a_ and cosf, = —[_, we

can write two eigenstates with corresponding eigenvalues Eeqser,1 and Eggser2 as

in (2.14)

wcasel,l - Sin9+

1
—,0) —cos?
5 > cos B,

—%,1>, (2.17)

—%,1>. (2.18)

wcaselﬁ = COS 0—1—

1
o 0> + sin 6,

The definitions of sin#, and cosf, here are based on the principle that in high

magnetic field cosf, terms survive while sin#, terms vanish.

2.1.2 Casell, F, = —%

When F, = —3, |mg,my) = |5, —1) or | — 5,0). Let’s still call them |a) and |b)

respectively for the calculation. Then, |¢) = ala) + 5]b). As in case I, we have

= 0. (2.19)

24



1 Qg 1o B 1o B 1
Hy = (= 1|15 74,5 — I|= —1
<2 2 n Tn |
a
= —%—MOB?J‘FMOBQI (2.20)
T | any B poB 1
be = <—— 0 72 [S — h S — h g[[ 2 0
- MOB%J (2.21)
. 1 ahf 1
Ha = <§ U gpe -9+ =3 >
_ —ahf\/(S—mg)(5+m5+1)\/(1+m1)(]—m1+1)
ahf
— - M, 2.22
7 b (2.22)

Put (2.20)—(2.22) back in (2.19) and solve the determinant equation.

a CL
(10B% ~ B) (- = B + poByr - E) = -2 =0, (2.23)

By = —% (% - NOBQI> + %\/ga%f + (10B)*(—9s + 91)* — poB(—gs + gr)any-
(2.24)
To simplify Fy, we define Z7_ =¢qy—1/2, R_ = \/m following the notations
in paper [63], then
E. 1 uwB R

— == + —. 2.25
ans 1T 2ahfgl (2.25)

Using F4 in (2.19),

Qpf < g7 ) .
—ag + B= - F =0 2.26
\/5 + o 5 + ) B+ ( )
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We can get oy = \%(ZJF + R_)B+. Then again we use |ax|? + |B+]? =1,

1 Z_—R_
a. = — ,
V2 \/1+(R_—Z)2)2
1
p- = ,
V1t (Ro—Z.)2)2
1 R_+Z_
oy = — ,
V214 (R_+Z_)2)2
1
By = ) 2.27
T 1+ (R_+Z)7)2 (2:27)
We set sinf) - = (5, and cosf_ = —a. Then we can write these two eigenstates
with corresponding eigenvalues Eegserr1 and Eggserr2 as in (2.25)
1 . 1
wcasefl,l = cosf_ 5, —1) +sinf_ —5, 0 s (228)
. 1 1
Yeaserrz = —sinf_ 3 —1) +cosb_ ~3 0). (2.29)

Again, the definitions of sinf_ and cosf_ here are based on the principle that in

high magnetic field cosf_ terms survive while sin #_ terms vanish.

2.1.3 Case I1I, F, = +3

F, =3 Img,m;) = [3,1) = Yeaserrzy and F. = =2, |mg,my) = | — 3,—1)

Yeaserrr,2- Since for both of them the Hamiltonian will be simple 1 x 1 matrixes,

then Hy = E.
1 a B B 1
EcaseIII,l = EG = <§7 1 %[zsz - MOTgJSz - MOTQIIZ 5; 1>
a
= % - MOB%] — poByr (2.30)
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1 a B
EcaseIII,Q - E?) - <_§7 thfI S - [LOTQJSZ
ahf
= B B
5 + Lo 5 +M0 g1

2.1.4 Summary of °Li hyperfine structure

poB

——9grl.

h

Finally, we obtain all six eigenstates and eignevalues. If we list them in the order

of eigenvalues from small to large denoted from F; to Fg, we have:

1) = Yeaser,1 = sinfy|3,0) —cosfy|— 1, 1) %
2) = Yeaserr2 = — sin 0,|%, —1) 4+ cosf_| — % 0) 22
3) = Yeaserrr2 = | — %, —1) fTs}
14) = Yeaserr,1 = cosO_|3, —1) +sinf_| — £,0) 0%
|5>:wcaseI,Q:COS(9+|%’O>—|—Sin0+|_%,1> aETE;
16) = Yeaserrrn = |5, 1) ;%

By _ _

—i 5l -
I+ fa—hfgf —- i
5 b g+ B2 g
=1+ 4o+ %
i P+

1o B _ B
2ahng ahf gI

L_
2

Since the phase of the eigenstates can be changed for our convenience, we’d

better make these eigenstates connect to the eigenstates we know when B = 0

seamlessly.

From the beginning of this section, we know that when B = 0, the basis is

|(S,I), F, Mp). Now try to write |(S, 1), F, Mr) as the combination in the basis

|mg, m;) and compare with the non zero magnetic field eigenstates we obtain

above when B = 0.
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(S, 1), By FL) =37y sy ma) (ms, my | F, Mp)

(1) 3,8) = 15,1) = 16)m=o

31,83 = /5= 5,1+ /213,0) = 15)l=o

(31,38 = /2= 5,0+ /315, 1) = [9) |0
G035 =1-4- >: 3) 0

31,45 = /4 -4 21L,-1) = [2)[5o
|<§,1>,%,%:¢§|—5, L13,0) = —[1)lm=

Only |1) has a —1 phase difference with the known engenstate at B = 0.

For large B, Ry, Z4 — 00, sinf terms will vanish and cosf; — 1, then
6) =15, 1) 5) =130 |4 =I3-1)
3)=]-3-1) [2)=]-30 [1)=~]-31)

Again, only |1) has a —1 phase difference with know engenstate | — %, 1). So,
we can add a —1 phase to our |1) and get the ideal basis for the hyperfine structure

of 6Li in a magnetic field as shown in Table 2.2.

Table 2.2: Hyperfine energy eigenstates and eigen-energies.

Eigenstate FEigen-energy

1) = —sin64]3,0) +cosby| —1,1) %:—i—gs}igl—%
2) = —sinf_|3, —1) + cosb_| — 1,0) %: +£‘£’ig_£
3=]-4.-1) By by b
[4) = cosf_| 3, 1)+ sin0 | —1,0) | £o— Ly pely 4R
|5) = cosf,]3,0) +sinf,| — 31, 1) %:_%_52591"’&
6 = 13,1) B L_ppg_w,
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Here sin 0 = [1+(Z4+R:)?/2]7/2, cos? 0+ = 1—sin? ., and Z, = 2B (—g,+

ahpf

g[)ﬂ:%, R:t = 2+(Z:I:)2

= ]
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Figure 2.1: Hyperfine energies of °Li versus magnetic fields. E; lowest to Eg
highest.
In Figure 2.1, we can see that as magnetic field increases, the original degener-

ate states for both F' = 2 (blue lines) and F' = 1 (red lines) split into six different

>
states. In the high magnetic field region the hyperfine energy shifts are approxi-
mately linear with magnetic field (about —1.4 MHz/G for the three lower states)
since the Zeeman shifts will dominate compared with shifts caused by hyperfine
interactions. However, the energy differences between states 1 and 2, or 2 and 3
will vary as the magnetic field changes.

Figure 2.2 shows that how the differences between energy levels change along
with magnetic field in our working region(500G to 1200G). The energy differences
correspond to the resonance frequencies of radio frequency (rf) pulse for the cor-
responding atomic transition. Since there is one to one correspondence between

the magnetic field and the atomic transition frequency, we can use this property

to calibrate the magnetic field in the system. If we take the derivative of the
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Figure 2.2: Atomic transition frequencies of °Li versus magnetic field for tran-

sition between |1) and |2), and transition between |2) and |3).

energy difference, we can get the accuracy of this calibration method as shown in
Figure 2.3.
The Mathematica file that I use to accurately calculate the hyperfine energies

versus magnetic field is in appendix A.
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2.2 Coherent Radio Frequency Spectroscopy

Having derived the hyperfine structure of 5Li, we need to talk about the elemen-
tary theory of coherent radio frequency (rf) spectroscopy. Since this is our starting
point for rf epectroscopy experiments. Here we just consider a simple two level
system. We will see that this elementary theory predicts both Rabi oscillation

and peak positions in the spectrum of the simple two level transition, which we
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use to calibrate our rf magnetic field.
Let’s start by writing down the Hamiltonian of an arbitrary system with an

radio frequency (rf) pulse.

H=Hy+ H'(t),
Hy|n) = E,|n); E, = hw,. (2.32)
Here H'(t) = —m - B,¢(¢) is the magnetic dipole energy caused by the radio

frequency (rf) pulse. We choose radio frequency (rf) magnetic field polarized
along the = direction.

B,;(t) = €,B); cos wt, (2.33)
m = /i9(9,8 + g/1), (2.34)

where m contains both electric-spin and nuclear magnetic dipole moments. Bf}f is
the rf pulse amplitude and w is the rf frequency. Since the magnetic field B in our
system is along the z direction as [ mentioned in the previous section, if the rf pulse
is also along z direction, (n|H'|k) = (n| —m.B}; coswt|k) = 0, M,, # My, where
In) and |k) are °Li hyperfine states. Therefore, the rf pulse must be perpendicular
to z direction to make transitions between states of different total M = M;+ Mg.

When we write a state in the eigenstate basis [1)(t)) = Y, a,(t)e"|n) and

substitute into the time-dependent Schrédinger equation

HIp(0) = b (), (2.35)
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we obtain

> an(t)e ! (Ho + H')|n) = > (ihay, + hwyan)e " |n),

D an)e Hn) = by ane " |n). (2.36)
Hitting both sides of equation (2.36) with (k|, we obtain

(B> an(t)e ™ H'|n) = ih Y~ ane " (k|n) = ihaze ™, (2.37)

ax(t) = —% N e inta, (t) Hy,,. (2.38)

Here, wg, = wi, — wy, Hy,, = (k|H'|n). If we define the Rabi frequency 2, by
hQun = (klmg|n) By, (2.39)
we can write (2.38) as

ag(t) =i Z "kt Q) nan () cos wt. (2.40)

n

Later on, we will see that when the rf frequency is resonant with the two level
energy splitting there is an atom number oscillation between these levels as time
goes by at this Rabi frequency €2g,.

In a simple two energy level system as shown in Figure 2.4, we assume the
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wo

|a)

Figure 2.4: A schematic of a two energy level transition.

upper level is |b) and lower level is |a), and w, — w, = wy > 0.

a(t) — %e—zwot( —iwt + ezwt)b(t)
b(t) — %ezwot(e—zwt 4 ezwt)a(t)
Since the terms with e« rapidly oscillate when wy + w > €,

t Q )
/ dtz—e_z(“”w)ta(t) ~ 0.
0 2

(2.41)

(2.42)

(2.43)

That means after a time integration these terms would not affect a(t) or b(t) too

much. So, we can drop these terms by using the rotating-wave approximation

and get
.
alt) ~ %eZAtb(t)
b(t) ~ %emta(t),

where A = w — wy is frequency detuning in respect to wy.

34

(2.44)

(2.45)



2.2.1 On Resonance - Rabi Oscillation

When rf frequency is on resonance, A = 0,

alt) = g b(t), b(t) = it alt). (2.46)

a(t) + (g)Z a(t) =0, b(t) + (7>2 b(t) = 0. (2.47)

a(t), b(t) should have the solution forms

= oo (2)

b(t) = Ccos (%t) + Dsin(

(2.48)

|0 D
~
v

t) . (2.49)

We can calculate the coefficients A, B, C, D by using the initial conditions a(0) =
1, b(0) = 0. Then, we obtain

= o (2) 0 i (1) s

| a(t)|* = cos? (%t) , | b(t)]* = sin® <%t) : (2.51)

Here |a(t)]? + | b(t)|*> = 1. So, there is an atom number oscillation between level
a and b along the time axis at the Rabi frequency (2.

Experimentally, we can measure the Rabi frequency in our two level system.
It is an important parameter for extracting other information about the system.
Let’s use the two level system formed by the two lowest SLi hyperfine states 1
and 2. We start by having all the atoms in state 2. After finding the resonant rf

frequency wy for transition from state 2 to state 1, we record the atom number in
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Figure 2.5: Rabi frequency oscillation at 822 G between |1) and [2). Q9 =
27 x (234.6 £ 2.8) Hz
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both states for different rf pulse durations. Figure 2.5 is one set of data showing
how atom numbers oscillate between state 1 and 2 around 822 G. Here the Rabi
frequency is about 234 Hz. Note that the number in state 1 is 180 degree out of
phase with that in state 2 as it should be.

Since the Rabi frequency Qi = 7 (k|m.|n) B}, it can be affected by both rf

;
amplitude B}, and magnetic dipole matrix element (k|mg|n). Let’s calculate the
magnetic dipole matrix elements for transitions among the three lowest hyperfine
states of Li and see how the applied bias magnetic field can change the Rabi
frequency for transitions between them. From table 2.2, we know

1) = —sinf4|3,0) +cosby| — 3,1)

2) = —sinf_|3, —1) + cosf_| — 1,0)

13)=1]- %7_1>'
Since m, = (gsp0Sz + griol,)/h and |g7| is very small compared with |g,|, we
can ignore the second term, m, ~ g;p0S;/h ~ —QMD%-

(2|mg|1) = —82(—3,0[S_]35,0)(— cos_sinb) = pgcosf_sinb,

&
h
(3|mg|2) = —£0(—1, —1|S_|3, —1)(—sinf_) = posinf_
(3|m,|1) = 0.

So, rf transitions can only happen between states 1 and 2 or between states 2 and

3 with Rabi frequencies

9y = ——cosf_sinb,

Uy = L ging._. (2.52)

Here sinfy = [14 (Zy + R.)?/2]7/2, cos?f. = 1 —sin? 0., and Z, = 208 (—g, +

ahf

0 0
gz)ﬂ:%, Ry =+/2+ (Z1)2. For B=0, Oy = %Mofirf and (3 = %Nofi,«f.
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When the magnetic field is high enough that B > ass/po >~ 152/1.4 = 108 G,
as in the region we use, from 500 G to 1200 G, Z; = 1.84 x 1072 x B:i:% ~ 1.84 x
1072 x B, Ry ~ Zs and sinfy ~ [(Z+ + Z2)2/2]7% = 1/(V/222), cosfy ~ 1.

Hence,
MOngf 1
V2h 1.84 x 102 x B’

Qgg = le = (253)

These two Rabi frequencies should be inversely proportional to the bias mag-
netic field B. We can calculate the ratio of the Rabi frequencies for different
magnetic fields based on this relation. Figure 2.6 shows another Rabi frequency
measurement at 526 G for the same transition between states 1 and 2 with same
rf amplitude Bgf as in Figure 2.5 where B = 822 G. Here the Rabi frequency is

about 363 Hz. Compared with data from Figure 2.5, we have:

(QSQQ(;) _ 234.6 Hz — 0.646

Q526G 363.3 Hz
Qgggg) 526 G
= —— = 0.640. 2.54
<Q526G calculate 822 G ( )

Hence, the measured ratio is in very good agreement with the calculated value,

(QSQ2G > ~ (QSQQG >
Q526G measure Q526G calculate
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Atom number in state 1 (x10%)

Rf pulse duration (ms)

Figure 2.6: Rabi frequency oscillation at 526 G between |1) and |2). Qg =
21 x (363.3 % 4.5) Hz

2.2.2 Lineshape for coherent Excitation

When there is detuning A # 0, from equations (2.45) we have

A 2
a(t) —iAa + <5) a = 0 (2.55)
. : A\ 2
b(t) —iAb+ (5) b = 0. (2.56)
If we assume
an~ e b e (2.57)

we get 02 — A§ — (£)* = 0 which gives us § = £ £ IV/A2+ 2 =2 + %/ Here,

2

V= VA?2+ Q2 Then we can write a(t) and b(t) as

i

alt) = e'21(Aer?¥! 4+ Be 1), (2.58)

b(t) = e '2t(Cer?¥! 4 De 2, (2.59)
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As in the no detuning case, we also can calculate the coefficients A, B, C, D by

using the initial condition a(0) = 1, b(0) = 0. Then we obtain

alt) = e'2! [cos (%’5) —i%sin (%t)} (2.60)

Q . Q't
b(t) = iﬁe_lAt sin 7 (261)
't A2 't
|a(t)|2 = COS2 <7> + mSiHQ (7) (262)

|b(t)]? = O sin? (7) : (2.63)

We also have | a(t)|? 4+ | b(t)|*> = 1.

10F T T T T T T T T T T T T T T ™
0.8+ B

0.6+ B

Ib(t)[?

0.4r- B

00 o L I L L L | L L L L L L | L L L [ L |
-4 -2 0 2 4

Detuning from atomic transition frequency (A/Q)

Figure 2.7: Rf transition fraction versus frequency detuning from the bare atomic
transition.

If we plot |b(t)]* = 1+1A—§ sin? (\ /1+ é—;%) with respect to the dimensionless
Q

detuning A/Q, when Qt = 7 which corresponds to the full transition of atoms

from |a) to |b), we can see a obvious peak around 0. This tells us that we have the

maximum transition when rf frequency is on resonance and how the transition

40



probability decreases with detuning, as in Figure 2.7. This is the basic principle
of the rf spectroscopy experiment.

However, in our real experiment, the system works in the non-coherent region.
We can not observe the exact shape of the transition peak as in Figure 2.7 with a
7 pulse. But we still can see a quite narrow peak at zero detuning as in Figure 2.8

by using a relatively large 2t which is about 15 times of .

50FT T — ——— ——— =]

. H

Tpret!

Y I
76.2835

Atom number in state 1 (x10°)

76.2840 76.2845 76.2850 76.2855

Rf frequency (MHz)

Figure 2.8: Atomic transition spectrum from pure state 2 to state 1 at 844.2 G
(76.2846 MHz).

So, on the one hand, experimentally we can find the transition rf frequency
quite accurately from the spectrum, while on the other hand we have the accurate
relation between magnetic field and the transition rf frequency. That makes rf

spectroscopy a perfect way to be used to calibrate the magnetic field.
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2.3 Calculation of Rf transition spectrum using
Fermi’s golden rule

As I mentioned in the end of last section, our real system is not coherent. In
order to calculate the rf transition rate and obtain the rf spectrum, we need to
use Fermi’s golden rule.

A simple golden rule calculation gives the radio-frequency-induced transition

rate out of the initial state to all possible final states
Ri(wrf) = Z Rf<_i, (264)
f
where w, ¢ is the rf frequency, and

27, ~
Ry = f!H}f 6(Ey — Ei — hw,y)

Hy = (fH')i)
H = HL|3)(2]e ™! + h.c.
g . Q) .
- 232|3><2\e—wrft__232|2><3|elwrft (2.65)

Here, (f|H'|i) is the matrix element of the rf perturbation between the final
and initial states. We assume the initial hyperfine state for the atom pair is
|1)|2) and final state is pair state |1)|3). €232 is the Rabi frequency for changing
the hyperfine state of a single atom from the chosen populated state 2 to the
initially unpopulated state 3. In equation (2.65), H' is written in the rotating

wave approximation. Only the first term can cause the transition we require.
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We can write the wave-function of the initial and final states as

1) = %(I1>a\2>b = [1s]2)a) 1),

) = 53— 13| (2.60

5

Here the atom-pair hyperfine state is anti-symmetric and the relative motion
states(bound or scattering) that are denoted as |I) and |F') are symmetric in the
interchange of atoms a and b. For hyperfine state part the notations are consistent
with what I used in section 2.1 and subscripts a, b denotes different atoms. Then

the matrix element is

i, = _hzgz ({163 =5 (11a(3]) (I3)aa (2] + 13)es(2]) (11)al2)s — [1)6]2)a) (F|T)
= —hif‘” Lo (1o(31(13)(2) 1 1) [2)s + (—1)2(31o(1](13)aa(2)I2)a[1)s] (FIT)
N _m2232<Fu>' (2.67)

Since the center of mass energy does not change in the rf transition, £y — F;
is the total change in the atomic hyperfine energy (= hwy;) plus the change in the
energy of the relative motion of the pair Fr — E;. We sum up all the final states

to get the total rate out of initial state

2m
Ri =+ > |H}P0(Ey — E; — huwyy). (2.68)
f
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Then,

(oo} 27T , o0
| s Riong) = LI | w80 = B = )
— <h932> Z| F|I)? (2.69)

From the completeness of final relative motion states, which contain scattering
and bound states, Y . |F)(F| =1, we have > (I|F)(F|I) = (I|I) = 1 and the

total rate out of |i) is just

o T
/0 dwrf Ri(wrf) = 5932 (270)

We can define a normalized transition rate I(w) where

s
Riltons) = 505 1(wny) (2.71)
/ dwaI(wrf) =1 (272)
0
If we define
Wrf =Wy +w, (2.73)

with w the frequency relative to the (unshifted) free-atom hyperfine transition

frequency wy;, we can write I(w) as,

1w) = S FIDE hS(Er — By — o), (2.74)
and, /OO dwl(w) = 1. (2.75)

This normalized transition rate is a concise form compared with R;(w,f). In order
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to calculate the transition rates, we need to find wave functions of |F) and |I).

They can be either bound state and scattering state of dimers or polarons.
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Chapter 3

Theory of Confinement-induced
Dimers

In §2.3, I derived the rf transition rate by using Fermi’s golden rule. In the
equation (2.75), wave function forms of the initial and final states are required
to calculate the rf transition rate. In this chapter, I will consider dimer theory
and use dimer bound state or scatting state to be the initial and final states of
the rf transition. The transition spectrum can be predicted and will be used to
compare with experimental spectrum in Chapter 6.

In two dimensional systems, atom-pairs exist not only on the BEC side of the
Feshbach resonance as in three dimensions, but also can be stabilized in the BCS
region. This is caused by the confinement of the two dimensional geometry [5,57].
We call these atom-pairs confinement-induced dimers. Our initial motivation
to do the radio frequency spectroscopy experiments was to directly observe the
binding energy of this kind of confinement induced dimer. Since our system is
quasi-two dimensional, we also expect difference from two dimensional system.

First, I will solve the Schrodinger equation for a harmonically-trapped two
atom system by using a time-dependent Green’s function. Then I obtain the
stationary Green’s function and calculate the dimer binding energies. At last, the

wave function forms for the bound state and scattering state will be calculated.
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3.1 Green’s function solution of the time depen-
dent Schrodinger equation

In order to calculate the dimer binding energies and dimer wave functions, first
we need to write down the Hamiltonian of the system and solve the Schrodinger
equation. Here we will use a Green’s function method to solve the Schrodinger
equation.

For the Hamiltonian, we write the kinetic and potential energy of a two-atom

system in a three dimensional harmonic trap:

2 21 1 1
H® = 213—7%—1-21)—72 Emwixf + §mw§x§ + 5mw§y% + §mwzy§ + imwng + §mw§z§.

(3.1)
H®O can be separated into two parts for the center-of-mass motion and the relative
motion:

1
2

P2 1 1
HO = (—+—MW§X2+ 3

2v-2
o 3 Mwa +

ngZQ)
p* 1 22, 1 59 1 45,
+ % + SHWT + SHwyY + SHWzZ" ) (3.2)
Here, Z = %, z = z1— 29, and similarly for z, y direction, M = 2m, p = m/2.

Since the center-of-mass motion energy does not change in the rf transition,

only the relative motion part of H(® needs to be considered, which defined as:

SHNE SR SRR S
H():@—f—éuw%m +§,uwyy +§,uwzz. (3.3)

We use pseudo-potential form to describe the short-range s-wave interaction
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between two atoms [64]

 5(r) o (e, (3.4)

where r = ry — ry and a is the zero-energy s-wave scattering length.

Then the total Hamiltonian for the relative motion of two-atom system is
H.=Hy+V(r). (3.5)

The next step is to solve the Schrodinger equation. We notice that if we are
using a Green’s function method to solve the Schrodinger equation, the stationary
Green’s function is readily determined from the time-dependent Green’s function
for harmonic confinement. In order to use a time-dependent Green’s function, we

consider the time-dependent Schrodinger equation

(Ho + Ve, 1) = i (e, ), (3.6)
[Ho—ma M ) = ~V(@)(r, 1) (3.7)
0 . |

To solve this, we use a time dependent Green’s function

o g

825] G(r,r',t —t) =46t —t)o(r — ). (3.8)

Then, the solution to equation (3.7) is
Y(r,t) = O(r / dt’ /d3 'Gr,x' t — )V (' )w(r', 1) (3.9)
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Here, [Hy — ih-2 ] (r,t) = 0, i.e., O (r,t) is the homogeneous solution.

Then, the only thing we need to do is to get the specific form of the Green’s
function and put it back in equation (3.9).

To obtain a causal Green’s function, we add a small decay term €, and solve

for the Green’s function using

Hy(r) — zh% — ihe] G(r,r’, t—t)=6(t—t)o(r —1). (3.10)
Since
0o 5 eiw(tft’)
Gl t— ) — / o G oo, e, ) (3.11)
o m

Put (3.13) in to (3.10), we have,

[Ho(r) + hw — ihe] Gw,r,x') = §(r — 1), (3.12)
) ) © dw eiw(t—t/) .
G(r,r,t—t)—/M%HO_I_M_meé(r—r). (3.13)

A formal solution for the causal G(r,r’,t — t') can be obtained by doing residue
calculus in the complex upper half plane, which is required for convergence when
t>t,

_2mi w4 Hy— e
2 Hy+ hw — ihe

G(r,r';t —t) e w1 g5(p — ¢/, (3.14)

For t < t/, the lower half plane is required, where there is no pole. Then letting

€ — 0, we obtain the causal Green’s function

Glr,x',t — 1) = %H(t e LI N TP (3.15)
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where 6(t —t') enforces causality and Hy(r) operates on §(r —r’). Since d(r—1') =

Y On(r)0n(x'), and Hy(r)g, = E,¢,, we can write,
G(r,r',t—t) = %H(t 1)) e 7B g (1) (r'). (3.16)

We notice that the Green’s function is symmetric in exchange of r <> r’. This is
an important property we will use later to obtain the correct form of the Green’s
function.

We can write the Green’s function as,
G(r,r',7) = %9(7‘)9(1",1“',7‘). (3.17)

g(r,x/,7) = e 7 HTS(p — ) (3.18)

Here 7 =t —t/, and g(r,r’,7) is the time translation operator in position repre-
sentation.

Now we can use the Heisenberg operator
ry(7) = enHo@Tpe= i Ho)r (3.19)

to operate on g(r,r’,7) and by solving the form of ry(7) to calculate the form of

g(r,r’', 7). First, we find the derivative of ry(7) with respect to 7,

b (r) = eh 0P ot (3.20)
W
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Then, we take the derivative again. In the z direction,

i |1 . i
ZH(T) = eﬁHO(r)T% |:§sz22, p_:| efﬁHO(r)T
= —wizy(7). (3.21)

Since the initial conditions are zp(0) = z and 2z (0) = 2=, we have

zp(T) = zcos(w.T) + P sin(w, ). (3.22)
i

Similar relations hold for the x and y directions.
Now, we see

ry(—7)g(r,v',7) =r'g(r, v, 7). (3.23)

Hence, with 0, = w;T; i = x,y,2; ¢ = g.(z,2")9,(y, V') g:(2, 2'), we obtain for the

z direction:

nd, h 0
(008922 — S;Z ;&) g.(2,2',7) =2'g.(2, 2, 7). (3.24)
Hence, we have
i _pwz 22 /
gz(z7 ZI, T) = Czeﬁ sl;nGZ (6080277’2’% )7 (325)

where C, is a constant. Because the Green’s function is symmetric in z <> 2’ as

we mentioned previously, we should write g,(z, z/,7) in a symmetric form:

L MWz

X
g:(2,2',7) = C,ensind:

2 !
(cosf, 2 ng

—#), (3.26)
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Since [ dPrg*(r,r2,7)g(r,r1,7) = 6(r2 — r1), we have in the z direction,

/ 026" (2, 20,7)05 (2, 21,7)

o0

oo 2 2 2 2
. N ) N
— / Az e hainds (0502 23— —22) (0 oiiaing; (cosba = —212)
—0oQ
00 ) 2 2
_ |Cz‘2/ dze%”wszinczzez 212226;5:52(22*21)2
—00
2 2 :
i pwycosfz F =23 sin @
= |C.|%er sme: 7 2rh—28(2y — 21)
i
= 6(22 - 21>. (327)

Hence we obtain [C,| = ,/5-t25—. Then by using 7 dzg.(z,7,0) = 1, from

equation (3.26) we calculate the phase of C,. If we write C, = |C,|e**,

/_OO degs(.7.0) = | \/—1%61“26’@ =1, (3.28)
where u = /55— (2 —2'). Since 1 \d/—%eiUQ = /i, €% = /—i. Then we obtain
the form of g,(r,r’,7)

MwZ Wz

‘gz(z7 le 7_) — +ehsin92
2mihsind,

2 2
z°4z ’
FEr——2z2']

[cos0.,

(3.29)

as well as g,(z,2’,7) and g¢,(y,y’, 7). Then, put these back in equation (3.17) to
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obtain the Green’s function.

1
; 3 WaWyW 2
Girr' t—t) = ~o—1)|(-H —
(r, ', ) h ( ){<2mh> sin @, sin @, sin 6,

: 2 2
ot [cos 0 = —aa]

tpwy

/7
y2+y'?
.ehsiney 2

[cos Oy —yy']

TUWz

224—z/2 _ZZ/]
<@ hsinfz 2

[cos B,

(3.30)

3.2 Bound state and scattering state wave func-
tions

In radio-frequency spectroscopy experiment, the initial and final states for transi-
tions are either scattering eigenstates or bound eigenstates. By using the Green’s
function we have obtained, we can determine the eigenstates and dimer binding
energies as well as the scattering states.

Based on the solution of Schrédinger equation (3.9), for the eigenstate ¥g(r)

that we want to calculate, we have

W(e,t) = e il (r). (3.31)

So, we can obtain the eigenstate directly from the time-dependent Green’s func-

tion,
va(r) = 00 (x) — / T / PGt — )W)t B ypa) (3.32)
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From equation (3.32) and (3.17) , we can define a stationary Green’s function
for an eigenstate.
A i
Gp(r,r') = ﬁ/ drentTg(r, v’ 7). (3.33)
0
Then we can write down integral equations for the eigenstate wave functions.

For a scattering state,
(1) = 0 (x) — / &Gy (r, ¢ WV (s (r), (3.34)

where djg]) is an input plane wave in free space.

For a bound state,
Vg, (r) = —/d3r’GE(r,r')V(r’)wE(r’). (3.35)

there is no input and wg’) = 0.
Let’s consider the bound state first. By using the pseudo-potential form for

V(r) (3.4), we can write the bound state as

4rh? 0
Un(r) = =G (1, 0) 5 U)o
Amh? )
= Gy, (r,0)u(0)

= AGg,(r,0). (3.36)

U(O) T
where Gy, is bound state Green’s function, and ¢ g(r) = ”ET(T) and wg)(r) = ET()
Here, 1 g(r) is proportional to Gg,(r), A is a coefficient. If E has been determined,
we can determine the wave function of the corresponding bound state. So, our

next goal is to find E.
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Hit both sides of (3.36) with Z[r...]|,o to obtain,

4nh?a O
I = - m E[TGEI;(IUO)”T%O
4 h?
= (G (r,0) — Go(m)]lo (3.37)

Here Go(r) is the part of G, that is o< 1. Note that 2 [rGo(r)] = 0 and G — Gy
is regular at r = 0. (3.37) is a self consistent equation which we can use to
determine E. Let’s find the form of Gy(r).

From 3.29 and 3.30, Gg,(r,r’ — 0) is

outnn = () [ ()
r = e
B s h \4mih 0 T sin 6, sin 0, sin 0,

. 2
1MWy Y imw 2
d cos 0y L- z 2
. eﬁsty Ya e hisinfz cos 0 4, (338)

imwgy

.ehsinOz

2
cos 0 %

Seté =w.r, [} =1 B =% i=w,y,2 Ey = fuoe 4 Moy 4 Mo and E—Ey = —FEy,

wyz?

where the binding energy Ej, = €,iw, > 0. Then,

1 < ide 2 NT e
G , 0 — —iep€ = icot §(2lz )
50 = ek ) Vi (1—6%) ‘
1

. <#) ? ieot(€Ba) (55 )
1 — o 2iéBs

1
2 2 7 CO 5
' (1 — eQiiﬁy) el I (3.39)

%)



By changing to real variables £ — —iu, we get

1
1 * du —ep 2 2 — coth(u)(5%)?
Cnn0) = fhod )y Vi (T:EZZ) e

1
( 28, )2€—coth(u,6’z)(2lzz)2

1 — e 2ubs

2 % — coth(w, L
. ( By ) e th( ﬁy)(gly)2. (340)

1 — e—2uby

There are three important length scales in the system: r, the distance between
the two atoms; a, the s-wave scattering length and the harmonic oscillator length
scale in the tight confinement direction, I, = y/h/(mw,). For the limit r — 0,

we consider r < a < [,. So that anQ > 522 > 2 where ephiw, ~ h22 Then

r ma ml2 ma? "’

mh—; > ehw, > hw,. Since the harmonic confinement has no effect at small r
where the kinetic energy dominates, we expect Gg(r)|, o = Go(r) o< L. But in
(3.40), for €, > 1, only terms with small u can survive. So, we can approximately

. 28: . .
write coth(u) — %, l_efgguﬁi — %, i = x,y, 7~ and since r2 = 2% + ¢? + 22,

1 1 [ du —equ-—>
G = — T 3.41
RSl v == 341
1”2
Let 82 = TulZ>

00 _2_<T\/€b/l%>21
m 2 s
%m=:mﬁﬁld“

m —ra/€p /12
_ 47Th2r6 b/12 (3.42)

The 3D molecular dimer binding energy is approximately mﬁ—; when [, > a, where
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h2

the dimer can barely feel the harmonic trap. Hence,e;w, ~ . Then we get
m —-r/a
For r < a, Gg,(r) is the Gy we are looking for
m
G = — 3.44
1) = o (341

which is exactly the free-particle Green’s function for small . That means equa-
tion (3.41) will turn into Gy’s equation as well when r < @ < [,. Hence, we can

write
m *  du

Arh2l, Jo  Varud
This is the form of Gy we will put back into (3.37) with Gg, (r) from (3.40)

Go(r) — (3.45)

> due™ Eb“ 206:u (o 2
G J 1/2 ,—coth(Bju)(x;/2l;) 3.46
Eb 47T7"_L2 l /—4771,63 1 . 6_25ju> € ’ ( )

considering r — 0 which makes the last term of Gy, become 1, we have from

(3.37)

l *°  du 2Bu \?
- I —epu 3.47
a 0o Viémrud [ ; (1 - 6—251'“) ¢ ’ (3.47)

where we recall §3; = Z—i This is the self-consistent function that we can use to
calculate Ey, = e hw,.

I plot ¢, = E}/(hv,) versus [,/a in Figure 3.1. As [,/a become positive and
large, the difference between blue and red lines, which shows the effect of the
transverse confinement, is not so important as when [, /a is small. That’s because

when [, /a is big, a < [, mh—; > hv,, the dimer is tightly bound and its size is
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Ep/(hvy)

I,/8

-10 -0.5 0.5 1.0

Figure 3.1: ¢, = E}/(hv,) versus [, /a. The blue lower line is for v, = 0 with no
transverse confinement. The red upper line is for v, = v,/25.

very small compared with the harmonic oscillator length scale [,. So, the shape
of the trap would not affect the interaction between the two atoms very much.

Experimentally, we know the magnetic field B and trap frequency v,, so we
can calculate [, = \/h/(mw,) = (\/h/(mv,))/2n and s-wave scattering length
a(B) from the known Feshbach resonance parameters [29]. Solving the integral
equation (3.47), we can get Ej, = ¢,hw. In Figure 3.2, I plot three s-wave scattering
lengths ajs, a13, ass versus magnetic field [29].

In Figure 3.3, I plot the binding energy Fj for 12, 13 and 23 dimer states as a
function of magnetic field. I also show the relative magnitudes by putting them
on the same graph (right bottom graph in Figure 3.3). We can see that the 13
binding energy is always smaller than the 12 and 23 binding energy in the region
from 690 G to 850 G, where we do the rf spectroscopy experiment. The trans-

verse confinement v, = v,/25, which we have experimentally, will increase the
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Figure 3.2: S-wave scattering lengthes versus magnetic field for the (1,2), (1,3)
and (2,3) scattering channels.
binding energy significantly especially for high magnetic field and small binding
energies. Here I list some binding energies which we will use later to compare
with experimental data in Table 3.1 and Table 3.2.

Now we can go ahead and calculate the bound state and scattering state
wave functions. Since in our system, w, /w, = 1/25, we use the approximation

w; < w,, where 3, 8, — 0 while 8, = 1. Then, in equation (3.46), 1_i€27§zu — 1,

coth(ﬂzu)% — 52% = (3£)%L, and similarly for the y direction. In the z

direction, —222% — — 24 So that,

’ l—e 1—e—2u

L[ due" (2 2
GEb<r) m ue ( U ) e—cothu(z/le)Qe_(i)Q%_ (348)

T ankl, o VArud \1—e2

Here p = /2% + y?. The bound state should be lower than the harmonic trap

ground state, but very close to it, when the binding energy is small. The ground
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Figure 3.3: Dimer binding energies versus magnetic field when v, = 24.5 kHz.
The solid red, blue and orange lines are for v, = v, /25 while the purple dash lines
are for v, = 0 respectively. The graph on the left top shows 12 binding energy.
Red line is for v, = v,/25 and purple dash line is for v, = 0; The graph on the
right top shows 13 binding energy. Blue line is for v, = v,/25 and purple dash
line is for v, = 0; The graph on the left bottom shows 23 binding energy. Orange
line is for v, = v, /25 and purple dash line is for v, = 0; The insets of these three
graphs are the comparison of v, = v, /25 and v, = 0 in high magnetic field where
the differences between them are obvious. The graph on the right bottom is the
comparison of 12, 13 and 23 binding energy for v, = v, /25.
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Table 3.1: Dimer binding energies for v, around 24 kHz. Frequencies and energies
are given in units of kHz. FEjq is the case for no transverse confinement v, = 0
while Ej includes the transverse confinement v, = v, /25.

BG) | v | EQ | B° [ Eg | B | ER | EF
688.9 24.5 6.47 | 743 | 313.9 314.8 | 458.7 | 459.7
718.5 26.0 1.95 2.91 144.2 145.3 161.8 162.9
728.5 24.5 1.26 2.13 109.9 110.9 113.4 114.4
748.0 25.0 0.74 1.58 | 64.90 | 65.90 | 56.72 57.82
768.2 24.5 0.45 1.21 36.82 37.80 | 27.11 28.09
788.5 24.5 0.30 1.03 | 20.72 21.70 12.98 13.95
808.6 24.0 0.21 0.88 11.63 12.58 6.39 7.33
832.2 24.5 0.17 0.81 6.29 7.25 3.17 4.11
841.7 | 24.5 0.15 0.78 4.96 5.91 2.15 3.37

state axial wave function is ¢g(2) = ¢0(O)e_(i)2 with ¢o(0) = For small

1
(2mi2)t/4-
€, it is reasonable to assume that the primary component of the bound state

wave function is the projection onto ¢g(z).

In(p) = / " dz Galr)do(2)

m 1 [ due % _, » 21
- w0z [ T ) (3.49)

where

o 2 1/2
L(u) = / Jre— ()2 rcothu) (1—u_2)
_ _ e—2u

[e.9]

21,)2 2 1/2
m(2L:) ( “ ) = Virlu"?, (3.50)

14+ cothu \1 —e2u
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Table 3.2: Dimer binding energies for v, around 82 kHz. Frequencies and energies
are given in units of kHz. FEjq is the case for no transverse confinement v, = 0
while Ej includes the transverse confinement v, = v, /25.

BG) [ v | BR[| BP | BR | BP [ ER | EP
688.9 82.5 21.03 24.26 342.0 | 345.3 | 487.0 | 490.3
718.5 81.5 10.36 13.47 170.2 173.5 188.0 191.2
728.3 82.5 8.82 11.94 137.1 140.4 140.9 144.2
748.0 83.5 6.65 9.75 90.31 93.64 | 81.78 | 85.11
767.5 | 82.5 5.13 8.13 60.80 | 64.07 | 49.74 | 53.01
788.3 | 82.5 4.17 7.11 41.39 | 44.66 | 31.27 | 34.52
809.5 85.0 3.71 6.69 29.76 33.11 21.40 24.72
832.0 82.0 2.97 5.79 20.64 23.85 14.27 17.44
841.7 82.5 2.84 5.66 18.20 21.41 12.49 15.66

Then,

m °°du —epu—L(=L-)2
In(p) = éo(0) 5 [ e el
0

=¢m»m2m(”@) (3.51)

20

4 h? [,

where Kj is a modified Bessel function. This is the projection of Gg(r) onto
Po(z). Since ¢o(0) 5745 is a coefficient, we can write the bound state wave function

as

Ui, (r) = Ado(2) Ko (\/Ep) - (3.52)

Here A is the normalization coefficient. The normalization gives

/ dz/ 2mpdp| APda(2) K] <@> =1 (3.53)
—00 0 z
We can get A = l;/j%. If we define k = /6,/1., the bound state wave function can
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be approximately written as

VE,(2,p) = %%(Z)Ko (kp) - (3.54)

Here we have ignored other components from higher axial states like ¢9, ¢y, ...
since the binding energy we consider is small compared with Aw,.

For the scattering state, from (3.34),

2
¥ () = pQ () - A

GES(P 0) [ "V, (t)]]r 0 (3.55)

Here the E, in the subscript means scattering state energy, £ — Fy = F, = ehw,,

€ > 0. Assuming that the scattering occurs in the ground axial state, for £y < hw,,

we take E, = . As we
did for bound state, hit both sides of (3.55) with [r...] to obtain,
4rh*a O
ulp, (0) = vl (0) = ===~ [rG, (r)] -t (0) (3.56)
Here up, = rip,, and is regular in the origin. So,
1(0)
/ Up (0)
U, (0) = i (3.57)
L+ 4208 2 [rGe, (1)) v
Since for the bound state we have 1 = 4’;’3 49 [rGp,(r,0)]|,—0 from (3.37), let’s
replace the 1 in (3.57),
1(0)
0
wyy (0) = — vz, (0 (3.58)

dmh?a { =3 [rGp, (v)] im0 + 5 PG, ()] [0 f
In the denominator, subtraction £ [r(Gg, — Gg,)] |0 cancels out the irregular
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parts o< % in both Green’s functions. And the remaining parts are regular when

r — 0. So, we can write % r"(Gg, — Gg,)] lr—0 = (Gg, — Gg,)|r—0-

gy M ug, (0)

Up, (O) " 4rh2a [GES (I‘) — GEb(I‘)] ‘7'4)0

(3.59)

0 = PR(0)

s

If we put (3.59) back into (3.55), and consider u’g:)(()) = %[mﬂgj]

since the input state is regular at r = 0, we obtain the simple form

G, (r)u (0)
(G, (r) = GEb(r)]
G, (r) i) (0)
(G, (r) = GEb(r)HHo'

Yp,(t) = vE(r) -

|7“—>0

U (r) - (3.60)
We have already done the projection of the bound state Green’s function Gg, onto
¢o. In the same way, we can do the projection of the scattering state Green’s
function G'g, onto ¢g. But here we replace E} by Ej, so we should start from
(3.39) and change €, — —e. Again, we can make the same approximations based
onw,; < w, and B, 3, < 1. So, % — %, cot(fﬁx)é — %, and similarly for

the y direction. Then, we can write Gg,(r) as,

o] €€ 1/2 ) )
Gp(r)= L [7 e 2\ gieorelai) () (3.61)
s drh?l, J, \/W 1 — e 2€

Then when we do the projection onto the ground axial state, we have

Ip,(p) = / dz¢o(2)G g, (1)
> dfeiiebE ( P )2z

— ¢0< )4 h2l 0 /471_52

L(¢) (3.62)
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00 1/2
I(§) = dz e~ (5i; )P (1=icot) 2 /
N _ 1—e2¢

oo

(20 )2 < 2 )1/2:@12 (3.63)

1 —icot& \1— e 2

m Ood —1€ (P
Ir.(p) = ¢o(0) A€ iyt i)

Arh? J, &
_ mo (1)
= ¢0(O)47Th2 miHy" (kip) (3.64)
here, k| is from € = hﬂ%%, the relative kinetic energy in unit of hw,, and Hél)

is a Hankel function.
We know the input wave function for the first term on the right side of (3.60)
by considering only the [ = 0 component of a box-normalized (to area A) plane

wave input state \/izeik“’ in the transverse direction, i.e.,

Ve (p) = ﬁjo(klp)- (3.65)

Here, A is the area and Jj is a Bessel function. In the z direction, we only consider

the ground axial state. So the input state is

Vi) (r) = ¢0(2)ﬁ<]0(/ﬁp)' (3.66)

Then let’s put (3.66), (3.61) and (3.64) into (3.60). We obtain the wave function

for the scattering state. Since

HY () = Jo(z) + iYo(2), (3.67)
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Kof) = " ofi) + ¥ i), (3.68)
We get

i) = bo(2)—=JolkLp)

$0(2)90(0) g5z miHy” (k1p) Y5y (0) |
60(0) |60(0) ZamiHY” (k1) — 00(0) 2 2Ko(2Y%)] |50

N

Here, ¢f£j(0) = QSO(O)\/LZJO(O) = ¢0(O)\/LZ. Using (3.67) and (3.68) in the denom-

inator, we obtain

1 ) 1)
(r) = — | Jo(krp) — ———H" (k 3.69
¢E.s( ) ¢0(2)\/Z 0( Lp) m+ln(§—j) 0 ( ip)] ( )
for a scattering state of relative kinetic energy hifi =€, hw,.

Equations (3.54) and (3.69) give the wave functions of dimer bound state
and scattering state. They can be used as initial and final states to calculate
the radio-frequency(rf) transition spectrum in equation (2.74), which we derived

using Fermi’s Golden rule in Chpter2.
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3.2.1 Bound to bound transition

We assume the transition is from °Li hyperfine states |1) |2) pair state to a 1) |3)

pair state. For a bound to bound transition,

1) = o(2)tbra(p) = “—j;%(zm (R12p)
IF) = do(2)is(p) = %qﬁo(z)f(o (r13p)
m 12 _h2“%2
9 T T,

m
/ 2pdplina(p)]? = / 2 pdpltrs( P = 1, / dzlgo(2)P = 1
0 0

2,9
_ Els_h“m
,LL— ) b

Y

Then the overlap of the initial and final bound states is

(F|1) :/ 2mpdpra(p)s(p) (3.70)
0
Since
) ()
/ pdpKo(k12p) Ko(k13p) = ——% (3.71)
0 Kio — K13
we have

In (22

271'/{12/{13 (mg)

(F|I) == 2 2
Q Rig — Ri3

2/EPED B

= n
EZ—E? "\ EP
VEPEP (Eg2) |

= n
12 13 13
L, — E, By

(3.72)
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Using this in equation (2.74),

Lopam(w) = > [(FIN[hé(Er — Bf — hw)

El2 13 12 2
= —<E52b_ 1353)2 [ln (E_EB)] ho(Ey” — By’ — hw), (3.73)

where b in the subscript denotes bound state. In order to make the expression

more concise, we define

qg=lIn (g—éi) ) (3.74)
and )
12 713 12 2
e = (E?—Eb%_;?’? {Zn (g_zlgﬂ = Sin}? o (3.75)
Then I12p-135(w) can be written as
Tops13p(w) = €y A6 (w — W) : (3.76)

In the real experiment, we tend to use Hertz instead of angular frequency. So,
it is easier for us to measure the Hertz frequency version for Ii9;, .13, in order to

compare with experimental results. For a bound to bound transition

E12 _ E13
Doy 136(V) = e 6(v — %), (3.77)
/ dV[lQb—>13b<V) = €pp- (378)

We can see that €, is the frequency integrated bound to bound transition fraction.
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3.2.2 Bound to free transition

For a bound to free transition,

1) = do(2)v1a(p) =%¢o<z>Ko (K120)

)
13 Hél)(k13¢,0) s

1
|F) = do(2)13(p) =¢0(2)—= | Jo(k13L p) — ————
VA m’—Hn(%})
¥
m 12 hZ"ﬁ%z 13 hQ"f%?) 13 th%u
N:§7Eb: . By = aEf:m’

[dslonp =1

We again calculate the overlap of initial and final states

o K12 1
(F|1) :/ 2mpdp—=Ko(k12p)—= | Jo(k13L p) — ———5m—
0 VT VA m’—l—ln(g—’%z)
f
(3.79)
Since Hél)(k‘lu p) = Jo(kisL p) + iYo(ki3L p), we find
/OOdK( Vo(kist p) ! (3.80)
pdpKo(ki2p)Jo(k13L p) = 55—, :
0 ' Ko + KTs)
[ poratripithiss ) = -2 (3.51)
pdpKo(k12p Lp) = -
0 PR HRTOVHE T Kig + Kia)
e 1 2i K
dpK. H (K = (1-Zpnp2
/o pdpKo(k12p)Hy ' (K131 p) /ifg—i-kfu < - nk13J_
1 i Bl
= (1- 2= . (3.82)
Kio + Kis) < & E}3>

Then, we sum over all the possible kinetic energies for the free states to get the
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total transition rate out of the bound state 12 bound:

[12b~>13f(w)
4 00 K12
:h/o WQWkludk‘mL /0 QWPdPﬁKo(F&mp)
2
1 e
—= | Jo(k131 p) — —EBH(()I)(/ﬁu p) 5(E}3 + Ey? — hw)
VA T+ In (E_l}?’)
L3 2 oo dE13 1
—=h {ln (%)} E,}Q/ e 5 0(Ef + B — hw)
£, o (B +Ef) ‘m’—i—ln (g—;i)‘
EP [ (E*\]"_O(w - EP)
=5 {ln (E12 EERED ) (3.83)
A ] e

We can use the definition of ¢ = In(E;?/E}?) to write [19135(w) concisely,

_E® 0w BN
(-] e

Lop—137(w) (3.84)

As T mentioned previously, in order to compare with experimental results, we

change the variable from angular frequency into Hertz. Since we defined nor-

malized transition rate I in equation (2.71) as R;(w) = 5Q%I(w) previously,

[ dvIi(v) =1 as well as [*°_dwl(w) = 1. We know that dw = 2mdy, then
I(v) =2nl(w),

E’ O - E?/hg

— 2 5
hw g—tn (5 —1)] +#2
b

Ly 5135 (V) (3.85)

In equation (3.85), the part f—g;@(u—El? /h) predicts a threshold spectrum, shown

as the blue lines in the top two graphs in Figure 3.4, that would be obtained for
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Figure 3.4: Effect of the final state interactions on the bound state to scattering
state transition spectrum is shown for different ¢. In the two graphs on the top,
the blue solid lines are the same plot I(v) = f—l%z@(l/ — E}?/h), and the red dash
lines show the total transition rate for different ¢ after considering about the

logarithm part I(v) = By: _ @OW=E/h) 1y the bottom two graphs, the black

m 2
q—In( 2z -1 ] +72
lines show how the logarithm part of the transition rate vary versus the normalized
frequency hv/E}? for plus and minus g. The reason to choose ¢ = lng—%z +3.9is
that the q for 2% trap depth at 720G for 12 to 13 transition is about —?f.9 and for

13 to 12 transition is about +3.9, where we have experimental result to compare
with.
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Bound to free transition rate

Figure 3.5: [~ dvligisr(v) = 1 — [;° dviigis(v) Frequency integrated
bound state to scattering state transition rate [ dvliz-,137(v) in equation (3.85)
(Blue dots) compared with 1 — ¢, (Red line). ¢, is the integrated bound to
bound transition rate. The exact ove2r1ap of blue dots and red line shows that

Jo o dvhapsasp(v) =1 —ew =1~ Temh? (1)

a non-interacting final state, where E}3 — 0 and ¢*> — oo. The logarithm part,
shown in the bottom two graphs in Figure 3.4, predicts a significant modification
of the threshold spectrum, shown as the red dash lines in the upper two graphs.
We can see that for normalized bound state to scattering state transition
rate I, the sign of ¢ modifies the shape of the spectrum significantly as shown
in Figure 3.4. However, the frequency integrals fooo dvligp—13¢(v) are the same
as long as the magnitude of ¢ is the same, as shown in Figure 3.5, blue dots.
These blue dots matches the red line very well. The red line shows 1 minus the
integration of bound to bound transition rate fooo dvIiop13,(V) = €p,. We expect

from (2.75), [*°_dvI(v) = 1.

q2

4 sinh? (g) ’ (3.86)

/ dviiop13f(V) =1 — €y =1 —
0
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This means that the final states including the scattering final states are complete
and contain only one bound state which is consistent with our ground axial state

assumption.

3.2.3 Summary for the dimer transition rate calculation

In order to compare with the experimental results, we still need to go back to get
the real transition rate R(v). We know that from equation (2.71) with I(v) =
21l (w)

™

R(w) = R(v) = §in(rad/s)%f(u). (3.87)

1

Since Qy;(rad/s) = 2mQ;(Hz), the transition rate in sec™" as a function of rf

frequency in Hz is

R(v) = m*Q%;(Hz)I(v). (3.88)

Then we can use the normalized bound to bound transition rate I1p13,(v), e-
quation (3.77), and the bound to free transition rate I;9,,137(), equation (3.85)

to get

: (3.89)

B2~ EP
h

Rigyizp(v) = 7°Q% €16 (1/ —

El? 20(y — E12/h
Rigy13p(v) = 7T2Q?ih52 4"O( b /2) '
[q—ln (%—1)} + 72
b

Later we will fit them with experimental data.

(3.90)
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Chapter 4
Polarons in two dimensions

Besides dimer theory, we also consider many-body physics to explain our exper-
imental results. We notice that zero temperature noninteracting polaron theory
in two dimensions can give us resonances positions in rf spectrum that fit our
data much better than the dimer predictions. In the regime, where Er, > Ej,
polarons are expected to be energetically more favorable than the corresponding
dimers [2,61,62] and arise naturally for the initially empty final state [7]. Here I
will describe how we calculate the resonance positions. Later in chapter 6, I will

compare these predictions to our data.

4.1 Calculation of polaron binding energy

A polaron is an impurity immersed in a bath of its environment. Here I mean

a spin-down impurity surrounded by a cloud of particle-hole pairs in a spin-up

001010, OOOO

Figure 4.1: Schematic of 12 polaron to 13 polaron transition.
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Fermi sea. It arises from collisions between the impurity and atoms in the Fermi
sea. Figure 4.1 shows a schematic of 12 polaon to 13 polaron transition. We
follow Chevy’s three dimensional(3D) calculation of the polaron energy [65] and
modify the calculation for a two dimensional(2D) system.

Let’s start with the hamiltonian for a dilute two component mixture of fermion-
ic atoms interacting via short range potential V'(r). Because of the diluteness of
the system, the potential is of short range R compared to the interparticle dis-
tance 1/kp, we can treat the potential as a 0 function as in our treatment of
dimers. Then the Fourier transform V' (k) of the potential is essentially constant,
which we denote here as Uy. In two dimensions, U, is the interaction strength,

2 . . . . .
Uy = go%, where gg is dimensionless, so that %l has dimension of energy.

H = Z €k, élT(Nékw + % Z éL’ILTéLéLiék2L¢ék1LT Ok | +ko | K11 +K'a -
k.o ki K ko K|

(4.1)

The first part of the hamiltonian is the total kinetic energy of the individual atom

and the second term describes collisions of two atoms with initial momentum

ki, + ko, and final momentum kj, + k), . The label 0 =7, ] denotes the spin

states. A is the quantization area of the 2D system for box normalized states

and c', ¢ are the usual creation and annihilation operators for fermions with
momentum k; and spin o.

In this hamiltonian itself, we don’t have any information about the polaron.

It only describes a system with many-body effects. Chevy proposed a trial wave

function for the Fermi polaron with zero momentum that captures the essential

properties of the polaron [65]. By this polaron state and the Hamiltonian, we can

understand the behavior of the polaron. Here is the 2D version polaron state for
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one impurity spin | atom in a Fermi sea of spin 1 atoms,

E) = @ol0) [FS)yt+ > puq,lar — ki) el ,€q.1[FS). (4.2)

qL<kpi<ky,

In the first term, |0); is a spin | impurity with zero momentum, and |F'S)+ is
Fermi sea state which also have zero momentum. The second term describes a
simple interaction between the impurity and the Fermi sea. The impurity knocks
a particle with momentum ¢, out of the Fermi sea and creates a hole. At the
same time it creates a particle with momentum k; above the Fermi momentum
Kp, . This particle-hole pair Fermi sea has momentum Prg =k, —q, and the
impurity has momentum P, = q; —k,; which makes the net momentum of the
system 1is still zero. This state is not the exact eigenstate for a single polaron
since it only contains one simple interaction, however it is a good approximation.

In order to find the polaron eigenstate |E| — with energy E|, the expectation
value of energy is minimized under variation of the parameters ¢y and @i g,

with the constraint of a constant norm
(EIE) = ool + D lowal* =1 (4.3)
q1<kpi <k

The quantity to minimize is (E||H|E|) — E|(E|E). The derivation can be found
in Chevy’s paper [65]. Here we just use his result for the 3D case and transfer it

into 2D case by changing the volume of the system V into the area A,

EF% > f(ELqu). (4.4)

qL<kp1
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Here

11 1
NE,,q))=—+ — , 4.5
JT(ELq) oot > P —— (4.5)

ki>kp
where the bare interaction strength Uy = goh*/m and gy is dimensionless and

2 . .
€pl = ;—mki We can renormalize the 1/Uj using

1
-~ 4.6
U() TQB kLO 2A Z ( )

€k, — ekm

Here, T5p is physical two dimensional T-Matrix element, obtained from our dimer

scattering states

4rh? 1
Top(kio) = 4.7
25 (kL0 m i+ In(e/e10)’ (4.7)
and €9 = Z%kio = 2¢,, is the relative kinetic energy of a colliding atom-

pair. We can separate the sum of k;, in equation 4.6 into two parts Zkl:
Dk <kplm 2ok skp, - The >y o, part can combine with the second term in e-

quation 4.5 and the 7, _, = part can be written as % Dokl <kp, %#lﬂ_dlﬁ_dd),

DRI ML s
2A —a,, 24(2m)?2 ) % (k3 — kio)

kl<kF

_m kry ko_kJ_
Tk )y, K2 — k2,

m kp — k‘io)
= In < L ) (4.8)
4 h? —k3,
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Then using equation (4.8) in equation (4.5), we get

—_ it () I —k%l_kio
"z T €10 —k3,

1 1 1
Ly _ 4.9
A {Ekj_ —€q, T €q -k, — E 2(@@_ - ek‘m)} ( )

kL>kFl

fﬁl(E7ql)

. 2 2
Since €, —€q, +€q, k. = €r, —€q, +2=(q} +k1 —2q. k1) =2€, — g k) cos¢
and Uy should be real, we choose In(—1) = —i to cancel the 7i term in the first

part of f~1

2ep, — €
-1 _ m 1 €p i1 F, 10
[ Ba) = s mit ) T 2€ 10

+ dk k| / do ; —
(2m)? ki, 0 26%; %ql/ﬁ cos¢p — F 2(ep, — ekm)

(4.10)

For the first part in the right side of equation (4.10)

2 — ) _
In (&) —In (—EFl ELO) =In ( i ) —In (—EFl ELO) . (4.11)
€10 €10 2€p, 2€p,

We have

k2
fYE,q.) :4:;2 {m (2:” )—m (1—1{;7“))
Fy F,
4 2 1 o] 27
+7T—h—/ dkm/ de-
0

m (27)? ke,

1 1
| [%(ki —q ki cosp — HE) B I (12 _kio)]}
[ (- 2,
- 1 —hn{l=-5m )+ 4.12
e [ (o) (- 52) i
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Here

1 [ 2m do 27
I = —/ dk . k {/ — ] ) 4.13
T Jkp, e o Kk —aqikicosd—pE K-k, ( )
If we let ky = xkp, and y = q /kp,
1 (> 2m do 21
I= —/ drx / 5 e e | (4.14)
™ J1 0 T —ITYCos Zer, z To/ il
Since [ 5 +jgosu = 7 a’> < 1ande= Fi, € < 0 is the dimensionless polaron
—a €F,

binding energy,

I 1/°°d / 2m
T o —% —xycosqb xQ—kiO/k%l

oo

1
drx — )
us [\/ — 6/2 — %2 1 kio/k%«l]

If we let u = 22, du = 2z dx,

o 1 1
! :/1 u [\/(u— €/2)? — uy? Cu- kio/k%i] . (4.15)

Since (u — 5)* —uy® = (u—§ — %)2— Sy — %, let V=u—¢€/2—y*/2 and

1 1
: 4.16
VV2—G V+¢ s+ — k2, k% ] (4.16)

Since we know [ 4% E= \1[111(2\/ cR+2cx +b) for R = a+ bx + cz?, the first part

of I can be treated for R with a = -G, b=0,c=1,2 =V, So,f\/‘fTvi_G:
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In(2v/V?2 — G +2V). Then,

oo

ey K
[:{1n[2\/v2—0+2v} _1H{V+_+__£H

2" 2 k3,

=In(4V) — In(V) — In(2)

—In(2) + In (1 - %’) ~In [\/<1 - %)2 2 (1 - g - y;)] (4.17)

Since y = q, /kr,, € = E/ep, ,we put I in equation (4.17) back into f~' in

equation (4.10) and get

FHE 0 = 1o {m (7”) ~In [\/(1 - §)2 — 24 (1 -t %)] }

(4.18)

We can see that f~! is independent of kp, as it should be. Then let’s go back to

equation (4.4) to calculate the polaron binding energy,

1 A

ke,
E, = ZW/O dq.2mq f(E),q.)

1 ke,
—— [ 4 E
27T/o g g f(E,qu)

k2ot E
== | dyyf (EZ —L,y)

2r Jo €r,
_k%L47rh2 ! dy vy

2 m o 1n<§)—1n{ (1_5)2_y2+<1—g—§>}

€L

(4.19)

If we set u = y?, we can get a dimensionless expression of polaron binding energy
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(4.20)

R du .
€= X(e) 2/0 —IH<E€Z>+IH[ (1_5)2—u+(1—§_§)}

This equation will determine the zero momentum polaron energy, where Ej is the
corresponding dimer binding energy and Ep, is the local Fermi energy, which is
different from the ideal gas Fermi energy that we can determine experimentally

from the number of atoms and trap harmonic oscillator frequencies.

In(Eb/EFJ.)

Figure 4.2: Polaron binding energy. Dimensionless ¢ = FE/Ep versus
In(Ey/Ep, ) where Ej is the dimer binding energy and Ep, is the local Fermi en-
ergy. The blue solid line is plotted based on equation 4.20 and the red dashed line

is based on the approximate expression given in the paper [66] £, = [_QEFJ_
In

Ep :
L
1+2 IEb\]
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4.2 Approximate equation for polaron binding
energy and quasiparticle weight

In Figure 4.2, € versus In(E,/EF, ) is plotted as a blue solid line based on equa-
tion (4.20). In paper [66], an approximate equation for the polaron binding energy

and E,/Ep, is given, which has simple form,

—2F
B - (1.21)

p Ep
In [1 n 2@}

Here, £, is the polaron binding energy. I also draw it in Figure 4.2 by using red
dashed line.

From the figure, we can see that where In(E,/Ep, ) is less than 0, € calcu-
lated from equation (4.20) and equation (4.21) are very close. In Table 4.1 and
Table 4.2, I list the dimer binding energy F} and polaron binding energy F, we
calculated for 12 and 13 mixtures for different magnetic fields. When the magnet-
ic field is around 834 G which corresponds to Feshbach resonance of 12 mixture,
both In(E}?/Er ) and In(E}*/Ep, ) are indeed less than 0. So, the approximate
analytical form of polaron binding energy, equation (4.21) is precise enough to
be used around 834 G and it has relatively concise form, which can help us un-
derstand how polaron binding energy F, affected by other parameters easier. In
equation (4.21), when Er, < |Ep|, E, — —E;. We can see the same trend as Ej,
becomes bigger in Table 4.1 and Table 4.2. Physically, when the dimer binding
energy is so big that the two atoms involved in the interaction can not see the in-
teractions with other atoms very well, the polaron binding energy tends to become

the dimer binding energy and many body effects are surpressed. So, the dimer
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Table 4.1: Polaron binding energy for v, around 24 kHz. Frequencies and en-
ergies are given in units of kHz. E, is a polaron binding energy while FE} is the
corresponding dimer binding energy. Ep, is the local Fermi energy here. We
assume Fp = A\ -Ep, . while Ep, . = hv VN is the ideal gas global Fermi en-
ergy we determine from the total number of atoms N, and the trap oscillation
frequency v, . Here \; = 0.67.

BG)| v. |Br | B2 (50| B2 | B (52 ) | BS | B2 - B | B2 - B
718526.0(26.2 [145.3| 171 |158.4|291| -210 |17.6] 1423 | 140.8
7285245246 110.8| 150 |124.0|2.13| -2.45 |154| 1087 | 108.6
748.0(25.0| 298] 659 | 0.79 | 847 [1.58| -2.94 |16.3] 64.3 68.4
7682245 25.7| 378 | 0.39 | 550 [1.21| -3.05 |13.7] 36.6 113
7885|245 275 217 | -0.24 | 40.7 |1.03| -3.29 |138] 207 26.3
808.6|24.0|29.6| 12.6 | -0.86 | 324 [0.83| -352 |14.1] 117 18.3
832.2|245|275| 7.95 | -1.33 | 247 |0.81| -352 |13.1| 6.44 11.6
8117|245 258 | 591 | 147 | 22.0 |078| 349 |12.4] 513 9.65

binding energy should be the limit of polaron binding energy when Ep, < |E,|.
In Table 4.1 and Table 4.2, we can not measure local Fermi energy Er directly.
We just assume Ep, = A\ - B, .. where B == hv VN is the ideal gas global
Fermi energy we can measure in the center of the gas. \; is a single parameter
which we use to fit our data by using the polaron binding energy. As you can see
in the experimental chapter, this single parameter fitting works very well around
the 12 Feshbach resonance when we choose A; to be 0.67.

Another thing which is worth mentioning is the polaron quasiparticle weight:

(4.22)

.

Z = lgof? = [1—

EFL

For rf transitions between impurity states 2 to 3 in a bath of atoms in state 1, the

momentum of the impurity does not change. We therefore assume the coherent
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Table 4.2: Polaron binding energy for v, around 82.5 kHz. Frequencies and
energies are given in units of kHz. FE, is a polaron binding energy while Ej is
the corresponding dimer binding energy. FEp 1is the local Fermi energy here.
We assume Ep, = A\ - Ef,,.,. while Ep, .. = hv VN is the ideal gas global
Fermi energy we determine from the total number of atoms N, and the trap
oscillation frequency v,. Here A\; = 0.67.

BG)| v. |Br | B2 (50| B2 | B (52 ) | BS | B2 - B | B2 - B
688.9|82.5|75.7345.3| 152 |3855|24.3| -L14 |73.6] 3210 | B3IL9
718.5[815 | 80.5 | 173.4| 0.7 |224.5]135] -1.79 |61.6] 1600 | 163.0
728.5(825|79.8|140.4| 056 [192.7|11.9] -1.90 |58.8| 1285 | 133.9
748.0(835 | 81.4] 936 | 0.4 |149.2(9.75| 212 [55.9| 83.9 03.3
7682825 97.1| 64.1 | -0.42 |130.8]8.13| 248 |60.1| 55.9 70.7
788.5(82.599.1| 4.7 | -0.80 |111.3|7.11| -263 |588| 375 52.5
808.6]85.0|79.9] 33.1 | -0.88 | 865 [6.60| -248 |49.4| 26.4 37.0
$32.2/82.0|88.7| 237 | -1.31 | 804|579 273 |51.3] 181 29.1
841.7|82.5|92.6| 21.4 | -1.46 | 794 |5.66] -2.79 |52.6] 15.8 26.7

part of the spectrum is given by

[(hw) = ZQZg (S[R(JJ - Epg + Epg], (423)

Where ZyZ3 = |phs002]? is the square of the overlap integral between the part of
the initial and final polaron states that yields the coherent part of the spectrum.
The product of the quasiparticle weights for the 1-2 and 1-3 polarons determine
the strength of the transition. Figure 4.3 shows the quasiparticle weight Z versus
In(Ey/Er ). As I mentioned previously, we are working in the region where
In(Ey/Er, ) is smaller than 0. Z in this region is quite large. Especially, around
834 G, we find both Z; and Z3 are close to unity based on the data in Table 4.1
and Table 4.2. Hence, we expect that the overlap between the initial and final
polaron states is strong and that transitions between polaron states should make

an important contribution to the spectrum.
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Figure 4.3: Polaron quasiparticle weight versus In(E,/Ep, ) where Ej is the
dimer binding energy and E'p is the local Fermi energy.
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Chapter 5
Experimental Methods

In this chapter, I first talk about my understanding of the basic experimental
methods. Then I introduce what is new in setup of quasi-two dimensional optical
traps. Last but not least, I will talk about the method of measuring experimental
parameters. Some interesting results of the parametric resonance experiment

would be shown as well.

5.1 Basic experimental procedure

Since we do experimental physics, the most important thing for us is to find a
way to realize our plans in the lab which includes setting up and manipulating the
apparatus. Understanding the methods and principles of the experiment is the
key point to do trouble shooting on a daily basis and making the whole system
work reliably.

Simply speaking, all the experiments we are doing in the lab require three
steps: atom sample preparation, designed experimental probing and resulting
signal collection. We use computers to control the whole process automatically.
One cycle of an experiment can be done within one minute. We can repeat the

same experiment or change parameters for each cycle easily. The short time scale
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of one cycle also allows us to finish a set of experiment cycles within a reasonable
time over which the experimental environment does not change too much.

The atom sample preparation and resulting signal collection are usually the
same or very similar for different experiments, while the experimental probings
are quite different. I will introduce basic experimental methods and techniques
along with each of them and list some experiments I have been done to show the

versatility and limitations of our system.

5.1.1 Atom sample preparation

The atom sample preparation requires: producing a hot atom beam from an atom
source, and cooling down and trapping atom samples.

Since the Fermi atom we are using, °Li, is solid in the room temperature, we
can safely keep it inside the vacuum system when it is not in use. We connect a
little thumb sized oven bucket to the vacuum system which holds about 2 grams
of lithium. A little bit goes a long way. This amount can last for more than 4
years of everyday use. When we need to use the atoms, we make them evaporate
into a gas by heating the bucket up to about 400°C. The hot gas will go through
a small hole on the side of the bucket, which connects to a long stainless metal
tube nozzle to form a hot atom beam moving toward the main chamber where we
trap atoms.

Our ultimate goal is to decelerate the fast moving atoms and make them stand
still in the main chamber area in order to realize cooling and trapping. We use
three steps to reach that goal. First, along the direction that the hot atoms fly,
we have a Zeeman slower, which can significantly decelerate atoms (2 x 10° m/s?)

in the direction along the nozzle to the main chamber area and make them slow
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enough to be trapped in the magneto-optical-trap (MOT), which is our second
step. The MOT is located in the center of main chamber area and is formed by a
pair of anti-Helmholtz coils and six laser beams red detuned with respect to D2
line of %Li. It slows down atoms in all directions to the Doppler limit of 140 uK as
they enter the MOT area. A MOT slows and traps atoms in a manner similar to
molasses. We have “optical’ molasses here. Consult previous dissertations in this
group for more details about Zeeman slower and MOT [67,68]. Although slowed
in the optical molasses, the atoms still have an opportunity to walk away from
the MOT area by random walking. And due to the existence of Doppler limit, we
need to cool them down much further to reach degeneracy. So next, we let atoms
collide and evaporate in a container formed by an optical trap, which is our third
step. The collision interaction between atoms makes some of them have higher
energy than the others. In the evaporation, atoms with energy higher than the
container’s edge escape from the trap, leaving atoms with lower energies trapped
inside the container. The optical trap which we use as the container is formed by
focusing a powerful CO, laser beam and the focal point is located inside the MOT.
We call it far off-resonance dipole trap (FORT'). Here we use a Feshbach resonance
to increase the interaction between atoms to enhance collisions, which makes the
evaporation more efficient. We artificially lower the edge of the container to let
more atoms with relatively higher energies escape. We call this method forced
evaporation. After evaporation, the atoms can be cooled down to the order of 10
to 100 nK.

When we are working with 1-2 mixture, we normally do evaporation at the
Feshbach resonance around 834 G where atoms have a very strong interactions.

Then we smoothly shift magnetic field to wherever we want the experiment to take
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place. By using this method, we can get reasonably cold samples for a magnetic
field range from 720 G up to 1200 G for 1-2 mixtures. Actually, when we switch
the magnetic field to the BEC region after evaporation, we see a heating of the
atoms. The lower magnetic field we switch to, the bigger the heating effect can
be. If we go lower than 720 G the heating is so serious that atom sample can
not be used for cold experiment any more. 1200 G is the upper limit of our high
field magnet system, which is formed by a pair of water-cooled coils. For the
experiments that need to be done in a lower magnetic field, like 528 G, where the
s-wave scattering length of 12 mixture is zero, and the interaction between atoms
is zero, we do the evaporation at around 300 G, where there are interactions
between atoms, and then move upward to 528 G to avoid heating. There is a
narrow Feshbach resonance for 1-2 mixture around 544 G [69], which we normally
avoid when shifting the magnetic field after evaporation, since that also causes
heating.

If we do experiments with 1-3 mixtures, we also start with a 1-2 mixture
sample. Instead of doing evaporation in the 1-2 mixture, we use rf transitions to
transfer all the atoms in state 2 into state 3 around 528 G and then do evaporation
around the Feshbach resonance of the 13 mixture at 690 G to cool down the
sample.

After these three steps of cooling and magnetic field shift, we end up with
cold degenerate atom samples in the magnetic field where we want to do the
experiment.

The all-optical approach we used in our experiments is ideally suited to explor-
ing atomic gases with magnetically tunable interactions. We use two kinds of laser

beams to realize cooling and trapping. One is a resonant red beam \ = 671nm for
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Zeeman slowing and for the MOT. The other is an infrared beam of the far off-
resonance optical trap(FORT). The red beams are from a single dye laser, which
has output power around 800 mW. This is a multi-purpose beam. We split its
output into several pieces to form the MOT, to serve as the beam going through
Zeeman slower, which we call the slowing beam, and the beam to create absorb-
ing imaging, which we call the camera beam. The infrared beam is from a very
powerful COy laser, which is more than 50 W when it reaches the main chamber.
We only use these two lasers to complete all steps of a typical experiment. This
makes our experimental setup very simple. However, both of the lasers have some
disadvantages. Although the dye laser is powerful enough for everything we need,
it is not very stable, since it is very sensitive to the change of room temperature
and vibrations. Relocking the dye laser during the day several times is inevitable.
The CO, laser is invisible and quite strong, so that it can easily burn a person’s
hand when the size of the beam is small. That makes the alignment of the CO,

laser is very challenging.

5.1.2 Designing experimental probes

After preparing the cold atom sample, we can start doing the real experiment.
This part of the cycle is the most exciting and creative one, since for different
experiments we need to come up with different plans to realize our measurement
and modify software and hardware to physically make the cycle run correctly and
smoothly. Let’s take a look at some simple experimental sequences after sample
preparation.

For rf spectroscopy experiments, we use one digital signal to trigger an rf func-

tion generater and send a pulse through an antenna inside the vacuum chamber
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to excite rf transitions. As I mentioned earlier, the pure transition between two
hyperfine energy levels is used to calibrate the magnetic field. And the transitions
in ultracold atom mixtures give us very interesting spectra, which I discuss in this
dissertation.

For parametric resonance experiments, we add perturbation oscillation fre-
quency (order of kHz) from a function generater to the CO, laser amplitude in
order to modulate the optical bowl holding the atoms. When the oscillation
frequency matches twice the internal frequency of the trap, the resonance will
continuously excite the atoms to higher energy levels and the heating effect is
seen by monitoring the width of the atom cloud. A digital signal is used as a
trigger signal to control when and how long the perturbation is added. We use
this experiment to characterize the optical trap.

For breathing mode experiments, CO4 laser amplitude will be decreased quick-
ly and then reincreased to the original level to excite the internal frequencies of
the trapped cloud. This is another experiment we use to get the oscillation fre-
quencies of atoms in the trap. The amplitude change accomplished with an analog
signal and generated by a function generator, triggered by a digital signal. Each of
these three experiments can be used as one part of more complicated experiments
as far as we organize the time sequence well.

So, the control of our system is actually a number of digital and analog signals
organized by following a certain time sequence. These signals are applied to
different parts of the system. In our lab, we control the system from a computer
by sending digital and analog commands. There are many different ways to realize
this kind of control as long as the speed and amplitude of the command signal is

good enough. In my lab, we use a 32 digital channel computer card, multiplexer,
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GPIB controls and fast digital delay/ pulse generators to reach the goal. I describe
these briefly:

(1) 32 digital channels. The signal directly come from computer through a
32 channel digital card. The digital card can produce either 0 or 5V voltage for
each channel. Since the channels are directly powered from the computer, they
can not supply high current. We use some of the channels directly as switches
and trigger signals in the system. The others are used to select the output of a
multiplexer, which controls red laser beam intensities and frequencies. The signal
timing accuracy of the 32 channels is 100 pus.

(2) Multiplexer. We are using a home made multiplexer to send most analog
signals we need to the system, as well as some digital signal with large current. As
[ mentioned, some of the 32 digital channels will serve as selection signals to choose
an output from several analog and digital input signals of the multiplexer. That
means we turn some of the digital commands into analog commands by using
the multiplexer. The multiplexer has external power, therefore it can provide
large current. Since it is controlled by 32 digital channel, it has the same timing
accuracy of 100 us.

(3) GPIB controls. By using GPIB connecting cord, we directly send analog
signals, in addition to the ones from the multiplexer, to the equipment that sup-
ports GPIB controls. For example, when we try to lower the trap depth of the
COy laser beam in order to increase the efficiency of evaporation, we use GPIB
control to send a lowering curve to the function generator, which controls the
amplitude of the laser. How fast the GPIB board can transfer data depends on
the amount of information we send. It can reach several Mega Bytes per second.

(4) Fast digital delay/ pulse generators. We use several DG535 digital de-
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lay /pulse generator from Stanford Research Systems. They have tens of ps delay
resolution from channel to channel, which is much better than what we need
(around 1ps). We use these to control the parts of time sequence that need high
accuracy in the experiment, like absorption imaging.

Our group also has another lab using an upgraded 24 digital channel com-
puter card which is faster, 8 analog channels and GPIB controls to control the
experiments. Although the equipment is different, the principles for the control
are the same.

The software program I have been using to compile the commands in the
computer is Labview, while the other lab in our group is now using Matlab.
For different experiments, we change the time sequences for each signal channel
directly in the computer and use software program to compile the information

and send it to the 32 channel computer card and GPIB control system.

5.1.3 Signal collection

For almost all of our experiments, we use a CCD camera to take absorption images
of the atom cloud for data collection. At the end of the experiment, we turn off
the trap and let the atom cloud expand for a short time in order to reach a size
that is large enough to be taken by our camera system. A small portion of red
beam from dye laser is used as the so called camera beam that will shine directly
on to the camera through the atom cloud. The camera takes a shadow image of
the atom cloud. And at the same time, atoms absorb photons from the beam and
gain energy to fly away. We take one shot immediately after the camera beam
is shined on the cloud, which contains the shadow of atoms and the background.

Then we wait until the atoms disappear (30ms) to take another shot of only the
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reference beam. Subtraction of these two images is the raw image of atoms. Our
CCD detector consists of a 1024 x 1024 array of high resolution pixels measuring
13 pum on each side. But the real resolution of our image depends on the lens
system in front of the CCD detector which we are trying to improve. Hopefully
in the near future, we will use increased resolution to take in situ images for a 2D
system.

The imaging part is the same for different experiments. Then we analyze data
images by using the software program Igor to fit the column density and deter-
mine the information we want. Normally, we want to monitor either the shape
change of the atom cloud or the change of the atom number. For example, in
the rf spectroscopy experiments, we monitor atom number in a certain hyperfine
state and the largest change of atom number corresponds to the resonant rf fre-
quency. For parametric resonance experiments, we monitor the width of atom
cloud in a certain direction after excitation and the largest width corresponds to

a perturbation frequency which is resonant.

5.2 Quasi-2D optical trap set up

The uniqueness about my work is that the system is quasi-two dimensional. In
order to create quasi-two dimensional Fermi gas, we modify the optical layout
of COy laser beam in two places labeled in Figure 5.1. Figure 5.1 is the optical
layout for generating a three dimensional CO, laser optical trap, which can be
found in Bason’s dissertation [70], who built our lab with Le [71]. The names of
optics have been labeled in the figure and all optics in the CO, laser path are

made out of zinc-selenide.
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Figure 5.1: Optical layout for generating the CO, laser beams. In order to

realize quasi-two dimensional trap, we make two changes in the optical layout for
three dimensional trap highlighted by using red dash squares. The original layout

is from Bason’s dissertation [70].
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In the layout of three dimensional optical trap, after coming out of the laser
source, the COs laser beam goes through an acousto-optic modulator(AQO) which
can fast shift light frequency using sound waves, at the same time shift the di-
rection of propagation by a small angle to the first order of the beam from the
original direction which is the zero order. By changing the amplitude of the sound
waves, we can control the amplitude of the laser beam in the first order. Then,
the vertical and horizontal curvatures of the first order laser beam would be ad-
justed to the same by using two cylindrical lenses, C; and Cs in Figure 5.1. Before
expanding through a telescope formed by lenses L; and Lo, the laser beam would
go through a thin film polarizer. This polarizer is used to protect the laser source
by reflecting the back going laser beam to a beam dump. The polarization of this
back going beam has been rotated by 90 degree using a rooftop mirror on another
side of the chamber.

In quasi-two dimensional trap layout, we create CO, laser standing wave by
reflecting beam directly back without changing polarization by using a mirror
instead of the rooftop mirror. We still need to protect the laser source by reflecting
the back-going beam out to the beam dump. Therefore, we replace one of the big
mirror in the beam path into a special mirror with A/4 phase retarding coating
which can rotate light polarization by 45 degree with plane polarized light at 45
degree to the plane of incidence. The beam polarization would be rotate once
again to the same direction 45 degree when it goes back, which add up to 90
degree to be reflected out to the beam dump by the thin film polarizer.

To align the backing going CO, laser beam perfectly match the incoming beam
and make the standing wave trap stable in a big challenge. In Figure 5.2, the

3D and 2D trap shapes are shown. We measure the axial trap frequency in the
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Figure 5.2: Schematic of 3D and 2D traps along axial direction. Radial direction
is perpendicular to axial direction. Here I use blue curve to show the potential
shapes and pink area to show how atoms fill in the potentials.

quasi-two dimensional traps after alignment, which is supposed to be twice as
the radial trap frequency in the single beam trap, by using parametric resonance

which I will talk later. In our case, the ratio can be more than 1.9, which shows

a very good alignment considering the energy loss in the beam path.

5.3 Measurement of experimental parameters

I want to mention other experiments we need to do along with the radio frequency
spectroscopy experiment in order to get the information we need to complete
our research. Some of the experiments I have already mentioned previously in
this dissertation, like magnetic field calibration and Rabi frequency measurement.

Here I will emphasis the reason we do them once again.
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5.3.1 Magnetic field calibration

As we mentioned in the end of subsection 2.2.2, we can accurately calibrate the
magnetic field of the system by using radio frequency spectroscopy. This is the
experiment we need to do daily and with any other experiments in different mag-
netic field, since it can give us the accurate magnetic field to calculate parameters

we need in the data analysis.

5.3.2 Rabi frequency measurement

I also mentioned Rabi frequency measurement in the same chapter, subsection 2.2.1.
This is another important experiment we need to do in advance. Comparing with
calibration of magnetic field, we do not need to check Rabi frequency every day
as long as the setup is the same. The Rabi frequency will help us decide the
time duration and intensity of the radio frequency pulse we should use in the

experiment.

5.3.3 Trap frequency measurement : Parametric resonance

To characterize the trap, we precisely measure the harmonic oscillation frequencies
each day, since they may change slightly from day to day based on the CO, laser
alignment and power. There are several ways to get the trap frequencies. We
normally use parametric resonance [68].

We know that there should be three different resonant frequencies for the
x,y,z axes of the trap. In our quasi-2D trap, the axial direction (z direction)
is tightly confined and the radial direction, x,y directions, are symmetric and

relatively loosely confined as shown in Figure 5.2.
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Before perturbation After perturbation

Figure 5.3: Principle of parametric resonance. The red disk represents one
atom. Before the perturbation, it is sitting in the ground state of a certain
direction. When the perturbation hr matches the energy level spacing, the atom
can continuously absorb photons and jump to higher energy level.

The experimental procedure is as follows. After preparing the sample of ultra-
cold atoms, we add a perturbation with frequency v into the trapping CO, laser
intensity in order to excite the trap resonant frequencies. It normally in the order
of kHz which is very small compared with the CO, laser frequency (28.3 THz).
When we scan v, if v matches one of the trap parametric resonant frequencies,
the atoms in the trap will be excited and continuously jump to the higher energy
level in that direction as Figure 5.3 shows. We can easily observe this kind of
excitation by measuring the width increases of the atomic cloud in that direction
after turning off the CO, trap, since the width of the cloud is determined by the
atom energy in that direction. This is the principle of parametric resonance.

In our quasi-2D system, the expansion of the axial direction for each pancake
is very fast and impossible to see, since the axial width is much smaller than
lum. But as long as interaction between atoms in the sample is large enough,

the energy excitation in one direction can be transferred to other directions by
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Figure 5.4: Radial and axial parametric resonance for quasi 2D 1-2 mixture
at 300G with trap depth hr, = 25 kHz. The clouds are allowed to expand
ballistically to a bigger size at 528 G in order to take the image of the densiy
profile. The red solid line is the fit using two Gaussian profiles f(z) = yo +
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collisions. So, we can observe the expansion in radial direction as well when v
matches the resonant frequency in axial direction. In Figure 5.4, we have 50-
50 1-2 mixture atom sample and both radial and axial parametric resonance are

observed by measuring the radial width change of atom cloud at around 300 G.
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Figure 5.5: Axial parametric resonance for quasi 2D 12 mixture observed
through radial width expansion for 780G, 811G and 834G at 2% trap depth.
The clouds are allowed to expand to a bigger size at the corresponding magnetic
field in order to take picture. We notice significant change of the peak shapes for
different magnetic fields.

The parametric resonance is a quite interesting experiment itself. We do the

same experiment for 50-50 1-2 mixture at different magnetic field and notice the
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shape of the resonance peak varies with change of magnetic field. In Figure 5.5, 1
show three axial parametric resonance data in different magnetic fields from BEC
region to around Feshbach resonance. We notice significant change of the peak
shapes. The 780 G one has a sharp edge on the right side while the 834 G one has
a sharp edge on the opposite side. We still do not yet understand the mechanism

of this shape change.

5.3.4 Determining the bare atomic transition frequency

As T mentioned previously, we need to determine the bare atomic transition fre-
quency while we do the rf spectroscopy experiments for a certain magnetic field.
We need to check for mean field shift in its location.

Let’s take a 12 to 13 rf transition experiment for example. We measured
the pure 2 to 3 transition without atoms in state 1 in advance to determine
where is the real atomic transition frequency without mean field shift. This is
actually the magnetic field calibration. We also do the 12 to 13 transition in a
hot mixture of 1-2 atoms where there are almost no atom pairs and we should
only see the bare atomic transition peak in the spectrum. We also change the
trap depth of the system from 2% (v, =24 kHz) to 100%(r. =180 kHz) in 12 to
13 rf transition experiments for shift in the location of the atomic transition peak
in the spectrum. We notice that the atomic transition frequency lines up with
the left side peak in the spectra and there is almost no change for different trap
depth and temperature. Figure 5.6 and 5.7 are the data for different trap depth.
Hence for our experiments, we conclude that the mean field shift of the bare-atom

transition frequency is negligible. So we can use it as a reference point.
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Figure 5.6: Atomic transition peaks from 1-3 to 1-2 in different trap depth at
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Figure 5.7: Atomic transition peaks from 1-3 to 1-2 in different trap depth at
690 G. Origin of z axis is 82.717 MHz.
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Chapter 6
Radio Frequency Experiment

In this chapter I will present all the rf experimental data and compare to the
theoretical spectra based on dimer and polaron transitions theories respectively.

We will see that dimer transition theory can not perfectly explain our experi-
mental data. However, we notice that it dose give a reasonable approximation to
experimental data when the dimer binding energy is much more bigger than 2D
Fermi energy of the system.

For the polaron theory fits, we use the ratio of the local Fermi energy to the
ideal gas global Fermi energy in the center of the trap as the only fitting parameter
A1. This produces us a nice fit to all of the data for a single value of A; Al.

By doing the fitting to the data we can tell which effect dominate our system.

6.1 Dimer transition spectra

We will discuss the fits based on dimer transition theory first. Before we show
experimental data, I want to use a set of schematics for transitions among the
two-atom energy levels, to show what types of resonances we expect to see in the
rf spectra for different experiments. In Figure 6.1, on the left side, single-atom

and two-atom energy levels are shown with all the possible rf transitions between
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What we expect to see in rf spectrums: (drawings are not to scale)
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Figure 6.1: Rf transitions between two-atom energy levels. The labeled transi-
tions on the left side correspond to the resonances on the spectra shown on the
right side. Here the spectra only show the shapes and relative positions of the
resonances. Drawings are not to scale.
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them. Here, bare atomic transitions are our references in the spectra. On the right
side, I listed three different rf spectra corresponding three different transition sets.
In the first spectrum on the top, the rf spectrum for transition from states 1-2 to
states 1-3 are shown as the depletion of state 2. Experimentally, we can achieve
that by scanning rf frequency near the bare 2 to 3 atomic transition frequency
(transition frequency (3) in Figure 6.1). When the rf signal is a 7 pulse for the
coherent case or is much stronger and longer that the time over which become
incoherent, we should see resonances (The maximum atom loss) on the spectrum
corresponding to transitions between energy levels.

The bare atomic transition resonance is around 70 ~ 85 MHz. If there is mech-
anism for bound states to exist, we should see additional resonances for bound
states in the spectrum. I label rf transitions on the left and the corresponding
spectra on the right side by using arrows and numbers with the same colors.
For the second and third spectra, the experiments start from a 1-3 atom pair.
And the rf frequency range we use are around 3 to 2 atomic transition resonant
frequency (transition frequency (3) in Figure 6.1) for the second spectrum and
around 1 to 2 atomic transition resonant frequency (transition frequency (6) in
Figure 6.1) for the third spectrum. The drawings of spectra are not to scale. I
only use it to show the shapes and relative position of each peak based on dimer
transition theory. As we mentioned in the dimer theory, the bound to scattering
state transition resonance should have a threshold shape and a long tail caused by
kinetic energies, while the bound to bound transition resonance should be quite
symmetric.

Based on the schematics, it seems that the shapes of all three spectra are

similar. But in the real experimental results they are quite different. Since the
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transition strengths are different for different transitions, the relative amplitudes
of the resonances vary significantly, which will change the shape of the spectrum.
Further, in the real experiments, dimer transitions may not dominate and we need
to consider other interactions to explain the spectrum, like polaron transition.
Now, let’s move on to the real data for all these three experiments and compare
with the theoretical predictions initially using dimer theory. For experiments in
a 1-2 mixture, we have data range from 720 G to 844 G, while for experiments
with a 1-3 mixture, the data range from 670 G to 720 G. I want to group them
separately, since for different mixtures, the atoms have quite different initial and

final state interactions.

6.1.1 Dimer fits for experiments in 1-2 mixtures

The Feshbach resonance for a 1-2 mixture is around 834 G. We cool down the
atoms in the strong interacting region around 834 G by doing evaporation and
shift the magnetic field to wherever we need to do the experiment. Below 834
G, on the BEC side, the system can have tightly bound molecular dimers, while
around the resonance and even above the resonance the dimer binding energy is
quite small compared to the Fermi energy in 2D, as we have seen in Figure 3.3.
For example, consider 2% trap depth (v, = 24.5 kHz), the 1-2 dimer binding
energy vary from around 150 kHz at 720 G to around 5 kHz at 844 G. However,
the 2D Fermi energy in our system is nominally the same Fr; = 1.5hv, while
dimer binding energy changes with the magnetic field. This gives us two extreme
conditions on the two ends of the magnetic field range we use, from 720 G to 844
G. Around 720 G, the dimer binding energy, F;}*=145.25 kHz, is much larger than

the Fermi energy, 38.93 kHz. Around 842 G, the dimer binding energy, F}*=5.91
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kHz, is much smaller than the Fermi energy, 38.52 kHz.

We did not go below 720 G since the heating is serious when shift the magnetic
field from 834 G. Although we can go further up into the BCS region, the 2D dimer
binding energy for magnetic field higher than 844 G is too small to be resolved

in the spectrum.

Tightly bound dimers at 720 G

Let’s look at the 720G data first. In Figure 6.2, 6.3 and 6.4, I show two theoretical
fits for each of the three different trap depths data, 2%, 20% and 50%, respectively.
Since the dimer binding energy is much larger than our 2D Fermi energy, especially
for low trap depth, we believe dimer theory should work very well here. The

predicted dimer transition spectra we derive in Chapter 3, equation (3.89), (3.90),

E12 _ E13
ngbﬁlgb(y) = 7T2QZi€bb6 <V - %) y (61)

E}? 0(v — E2/h
Riaag(v) = w208 gt COVZELIEL o

v [q—ln(ﬁ—é@—l)} + 2
and the bound to bound transition fraction, (3.75)

12 ;13 12\ 712 2

€pp = —gb Eb 1372 [ln (E—li?))] = 5, < q2 . (63)
(Ey* — B L, 4sinh”(q/2)

are used to fit the data. Here ¢ = In <§—Z§>

For 2% trap depth data, we notice the bound to bound transition fraction e, =
0.27, and bound to scattering state transition should dominate. If we only include
the bound to scattering state transition in the fitting, the theoretically predicted

spectrum matches the real spectrum quite well as shown by the red solid line in
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(a) Fit to the data contains only dimer bound state to scattering state transi-
tion. The broadening of the resonance on the right is as small as the broadening
of the atomic transition resonance on the left.
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(b) Fit to the data contains both dimer bound state to scattering state tran-

sition and bound to bound transition. Bound to bound transition fraction
€Epp — 0.27.

Figure 6.2: Dimer theory fits of 12 to 13 rf transition spectrum at 718.5 G for 2%
trap depth with v, = 24.5 kHz (red curves). The origin of the z axis corresponds
to the bare 2 to 3 atomic transition frequency for 718.5 G, 82.472 MHz.
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(a) Fit to the data contains only dimer bound state to scattering state transi-
tion. The broadening of the resonance on the right is as small as the broadening
of the atomic transition resonance on the left.
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(b) Fit to the data contains both dimer bound state to scattering state tran-
sition and bound to bound transition. Bound to bound transition fraction
€Epp — 0.60.

Figure 6.3: Dimer theory fits of 12 to 13 rf transition spectrum at 718.5 G
for 20% trap depth with v, = 82.5 kHz (red curves). The origin of the x axis

corresponds to the bare 2 to 3 atomic transition frequency for 718.5 G, 82.472
MHz.
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(b) Fit to the data contains both dimer bound state to scattering state tran-
sition and bound to bound transition. Bound to bound transition fraction
€Epp — 0.70.

Figure 6.4: Dimer theory fits of 12 to 13 rf transition spectrum at 718.7 G
for 50% trap depth with v, = 135 kHz (red curves). The origin of the x axis

corresponds to the bare 2 to 3 atomic transition frequency for 718.7 G, 82.470
MHz.
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Figure 6.2 (a). However, after including the bound to bound transition based on
the bound to bound transition fraction €, the predicted spectrum does not give
the right shape of the peak any more as shown in Figure 6.2 (b). For 20% and 50%
data in Figure 6.3 and 6.4, I try to draw the same predicted spectra by including
only bound to scattering state transition for in subfigure(a) and including both
bound to scattering state and bound to bound transitions in subfigure(b). We
notice that for each trap depth, neither of these two fits matches the experimental
data very well, but the bound to bound transition part gives a better fit in the
threshold region for the 20% trap depth, where we expect a large bound to bound

transition fraction (e, = 0.60).

Dimer spectra near the Feshbach resonance, around 834 G

We notice around Feshbach resonance, the spectra show the similar shapes and
behavior as shown in Figure 6.6, 6.7 and 6.8. So, I want to show the comparison
between the theory and the data in this area by using a representative one, spectra
at 832 G where we have data for four different trap depths, 2%, 20%, 50% and
100%. At 832 G, the bound to bound transition should dominate because of
the big transition fraction €y as I label in Figure 6.5. I plot the whole spectra
predicted by dimer theory on the top of 832 G data including only bound to
bound transition in red dashed lines while the red solid lines include both bound
to bound and bound to scattering state transitions as shown in Figure 6.5.  For
each spectrum data shown as blue dots, we can see two major resonances. The
left ones correspond to bare atomic transitions from state 2 to 3. The broader
one on the right side should correspond to dimer transitions. The shape of the

broader resonance is quite symmetric which is consistent with the shape of bound
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theory fits of 12 to 13 rf transition spectra at 832 G. The
origin of the x axis corresponds to the bare 2 to 3 atomic transition frequency
81.708 MHz, dashed red curves are fits containing only bound to bound transition,
while solid red curves are the fits containing both bound state to scattering state
transition and bound to bound transition.
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Figure 6.6: Positions of resonances predicted by dimer theory compare with 12 to
13 rf transition spectra around 810 G for different trap depths. The origin of x axis
shown as red solid lines corresponds to the bare 2 to 3 atomic transition frequency,
while the red dotted lines show the calculated positions of dimer bound state to
scattering state transitions and the red dashed lines show the calculated positions
of dimer bound to bound transitions. (a) 808.6 G (81.8455 MHz),v, = 24.5 kHz,
2% trap depth; (b) 809.5 G (81.84 MHz), v, = 82.5 kHz, 20% trap depth.
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Figure 6.7: Positions of resonances predicted by dimer theory compare with 12 to
13 rf transition spectra around 832 G for different trap depths. The origin of x axis
shown as red solid lines corresponds to the bare 2 to 3 atomic transition frequency,
while the red dotted lines show the calculated positions of dimer bound state to
scattering state transitions and the red dashed lines show the calculated positions
of dimer bound to bound transitions. (a) 832.2 G (81.7065 MHz), v, = 24.5 kHz,
2% trap depth; (b) 832.0 G (81.7076 MHz), v, = 82.5 kHz, 20% trap depth; (c)
831.9 G (81.7082 MHz), v, = 135 kHz, 50% trap; (d) 831.3 G (81.7116 MHz),
v, = 179 kHz, 100% trap depth.
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Figure 6.8: Positions of resonances predicted by dimer theory compare with 12
to 13 rf transition spectra at 841.7 G for different trap depths. The origin of
x axis shown as red solid lines corresponds to the bare 2 to 3 atomic transition
frequency (81.653 MHz), while the red dotted lines show the calculated positions
of dimer bound state to scattering state transitions and the red dashed lines show
the calculated positions of dimer bound to bound transitions. (a)v, = 24.5 kHz,

2% trap depth; (b)r, = 82.5 kHz, 20% trap depth.
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to bound transition resonance, which should dominate. However, neither the red
solid lines nor the red dashed lines match the data.

We also saw the disagreement of dimer theory prediction in the data fitting
with other magnetic fields around Feshbach resonance.

In Figure 6.6, 6.7 and 6.8, I list data at three magnetic fields: 811 G, 832 G
and 842 G for different trap depth. For each set of data, I put data in different
trap depths in the same scale for x axis in order to compare the relative positions
and separation between resonances. Instead of plotting the whole spectrum like at
832G, I just labeled the resonace positions of theoretical prediction based on dimer
theory. We can see the obvious disagreements in this way. The red solid lines are
the bare atomic transition from 2 to 3, which are the references. I use red dotted
lines to show position of dimer bound to scattering state transition resonances
and red dashed lines to show the bound to bound transition resonances. I plot

the 832 G data once again here in order to compare with other two data sets.

Dimer spectra between 720 G and 811 G

From 720 G, where the 12 dimer binding energy is much larger than the transverse
Fermi energy, to 842 G, where the 12 dimer binding energy is much smaller than
the transverse Fermi energy, it seems that the dimer transition theory show more
disagreement with the data. Around Feshbach resonance, no matter how we do
the fitting, the prediction can not explain the data. Although at 720 G for 2%
trap depth, the bound state to scattering state transition part can fit the data
quite well, the full spectrum predicted by the theory has different shape from the
data.

If we take a look at the dimer theory predictions of the resonance positions
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Figure 6.9: Positions of resonances predicted by dimer theory compare with 12 to
13 rf transition spectra around 730 G for different trap depths. The origin of x axis
shown as red solid lines corresponds to the bare 2 to 3 atomic transition frequency,
while the red dotted lines show the calculated positions of dimer bound state to
scattering state transitions and the red dashed lines show the calculated positions
of dimer bound to bound transitions. (a) 728.5 G (82.3939 MHz),v, = 24.5 kHz,
2% trap depth; (b) 728.3 G (82.3954 MHz),v, = 82.5 kHz, 20% trap depth.
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Figure 6.10: Positions of resonances predicted by dimer theory compare with 12
to 13 rf transition spectra at 748.0 G for different trap depths. The origin of x axis
shown as red solid lines corresponds to the bare 2 to 3 atomic transition frequency
(82.2482 MHz), while red dotted lines show the calculated position of dimer bound
to scattering state transition and red dashed lines show the calculated position of
dimer bound to bound transition. (a)v, = 24.5 kHz, 2% trap depth; (b)v, = 82.5
kHz, 20% trap depth.
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Figure 6.11: Positions of resonances predicted by dimer theory compare with
12 to 13 rf transition spectra around 770 G for different trap depths. The origin
of x axis shown as red solid lines corresponds to the bare 2 to 3 atomic transition
frequency, while the red dotted lines show the calculated positions of dimer bound
state to scattering state transitions and the red dashed lines show the calculated
positions of dimer bound to bound transitions. (a) 768.2 G (82.106 MHz), v, =
24.5 kHz, 2% trap depth; (b) 767.5 G (82.1108 MHz), v, = 82.5 kHz, 20% trap
depth.

121



Atom number in state 2 (x10%)

45

351

30¢F

25F

35}
30}
25)

20

40}

20—

Frequency (kHz)

100

Figure 6.12: Positions of resonances predicted by dimer theory compare with
12 to 13 rf transition spectra around 790 G for different trap depths. The origin
of x axis shown as red solid lines corresponds to the bare 2 to 3 atomic transition
frequency, while the red dotted lines show the calculated positions of dimer bound
state to scattering state transitions and the red dashed lines show the calculated
positions of dimer bound to bound transitions. (a) 788.5 G (81.9714 MHz), v, =
24.5 kHz, 2% trap depth; (0)788.3 G (81.9727 MHz), v, = 82.5 kHz, 20% trap

depth.
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between 720 G to 811 G, we can see the trend that the fit is getting worse as the
magnetic field increases. Here I list the data for 730 G, 750 G, 770 G and 790 G
in the Figure 6.9, 6.10, 6.11 and 6.12.

6.1.2 Dimer fits for experiments in 1-3 mixtures

For experiment starting from 13 mixture, we also start by preparing 50-50 1-
2 mixture. After having the balanced 1-2 mixture in the standing wave trap
of inferred CO, laser beam directly transferred from MOT, we turn on the high
magnetic field and set it to be about 528G, where the 1-2 s-wave scattering length
is around zero and there is no interactions between atoms in state 1 and 2. Then
we cut down the backgoing CO, laser beam in the non-interacting region and
try to avoid heating which may happen in other magnetic fields. Then we start
sending a rf pulse with a frequency sweep(10 ms, 10 kHz) to completely transfer
atoms from state 2 to state 3. Then we shift the magnetic field from 528 G to
690 G where is the Feshbach resonance of 1-3 mixture to do evaporation. After
evaporation, we will have cold enough atoms for our experiments. We measured
that the ratio of atom numbers in state 1 and 3 is about 1 : 0.95, which is good
enough for requirement of balanced mixture. Then we switch magnetic field from
690G to anywhere we want to do experiment. Then the standing wave will be
turned on for the quasi 2D experiments.

Here I want to mention that in the preparation of 1-3 mixture, we did not use
7 pulse of rf signal. Because this way requires very high stability of the system
magnetic field in order to stabilize the transition frequency (within 1kHz), which
is too challenging to us right now. Maybe after building up the magnetic field

stabilization system, we can try this method one more time.
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Figure 6.13: Positions of resonances predicted by dimer theory compare with
13 to 12 rf transition spectra at 669.2 G for different trap depths. The origin of
x axis shown as red solid lines corresponds to the bare 3 to 2 atomic transition
frequency for 669.2 G, 82.895 MHz, while red dotted lines show the calculated
positions of dimer bound state to scattering state transitions and red dashed lines
show the calculated positions of dimer bound to bound transitions. (a) v, = 24.5
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kHz, 2% trap depth; (b)r, = 82.5 kHz, 20% trap depth.
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Figure 6.14: Positions of resonances predicted by dimer theory compare with 13
to 12 rf transition spectra at 688.9 G for different trap depths. The origin of = axis
shown as red solid lines corresponds to the bare 3 to 2 atomic transition frequency
for 688.9G, 82.718MHz, while red dotted lines show the calculated positions of
dimer bound state to scattering state transitions and red dashed lines show the
calculated positions of dimer bound to bound transitions. (a) v, = 24.5 kHz, 2%
trap depth; (b)v, = 82.5 kHz, 20% trap depth.
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Figure 6.15: Position of resonance predicted by dimer theory compares with 13
to 12 rf transition spectrum at 718.5 G, 2% trap depth, v, = 24.5 kHz. The origin
of x axis shown as red solid line corresponds to the bare 3 to 2 atomic transition
frequency for 718.5G, 82.472MHz, while red dotted line shows the calculated
position of dimer bound state to scattering state transition and red dashed line
shows the calculated position of dimer bound to bound transition.
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Figure 6.16: Positions of resonances predicted by dimer theory compare with 13
to 23 rf transition spectra at 688.9 G, 2% trap depth, v, = 24.5 kHz. The origin
of x axis shown as red solid line corresponds to the bare 1 to 2 atomic transition
frequency for 688.9 G, 76.032 MHz, while red dotted line shows the calculated
position of dimer scattering state to bound state transition and red dashed line
shows the calculated position of dimer bound to bound transition.
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In terms of the dimer theory fits for rf transition in 1-3 mixture, I list the 1-3
to 1-2 transition spectra for 670 G, 690 G and 720 G and mark the predicted
resonance positions based on dimer theory on top of them in Figure 6.13, 6.14
and 6.15. And the 1-3 to 2-3 transition spectrum for 690 G data in Figure 6.16.
We can see that there are still disagreements. But since the dimer binding energy
for these data are much larger than the 1-2 mixture case, the relative discrepancy
is not that much.

For 720G, we have data start from both 1-2 mixture and 1-3 mixture, and at
different trap depths. I put them together in Figure 6.17 and make the x axis
scale the same in order to compare. We can see that the positions of resonances
in Figure 6.17 (a) and (b) are almost in the same place, but the shapes of spectra
are quite different.

By changing the magnetic field and mixture of initial states, we obtain different
combination of initial and final dimer binding energies for different rf transition
experiments. We notice that the dimer transition theory can not explain these
spectra very well, especially for cases with small initial dimer binding energies.
For experiments start from 50-50 1-2 mixture, around 1-2 Feshbach resonance,
some of the distances between resonances in the data are almost twice as much
as the prediction.

Besides using the subtraction of dimer binding energy, like E}? — El3. to
compare with the data, we also try to add some scale factors in the subtraction,
like trying to fit Ao E}? — A3 EL® to the data by changing A2 and \;3. However,
we can not find any fixed scale factors.

In order to find a more reasonable explanation for these spectra, we considered

about other interactions between atoms. In the next section I will show you the
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fits based on polaron transition theory.
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Figure 6.17: Positions of resonances predicted by dimer theory compare with rf
transition spectra at 718.5 G for different trap depth. The origin of x axis shown
as red solid lines corresponds to the bare atomic transition frequency between
state 2 and 3 for 718.5 G, 82.472 MHz, while red dotted lines show the calculated
positions of dimer bound state to scattering state transitions and red dashed lines
show the calculated positions of dimer bound to bound transitions. (a) 13 to 12
transition for 2% trap depth, v, = 24.5 kHz; (b) 12 to 13 transition for 2% trap
depth, v, = 24.5 kHz; (¢) 12 to 13 transition for 20% trap depth, v, = 82.5 kHz;
(d) 12 to 13 transition for 50% trap depth, v, = 127.5 kHz.
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6.2 Polaron transition spectra

When the transverse Fermi energy is larger than the dimer binding energy, Er; >
Ey, the interparticle spacing is comparable to the dimer size and many-body
effect should show up. In our rf spectroscopy experiments around 1-2 Feshbach
resonance at 834 G, Er, > E}? > E}3.

We consider two dimensional non-interacting polaron as the many-body effect
and notice that the polaron binding energy, £,, is much larger than the cor-
responding dimer binding energy FEj. That means polarons are expected to be
energetically more favorable than the corresponding dimers.

Since we have 50-50 balanced 1-2 mixture to start with in the rf transition,
we only assume final states to be 1-3 polaron states and keep the initial states
to be dimer bound states or scattering states. Here 1-3 polaron is an atom in
state 3 surrounded by a cloud of particle-hole pairs in state 1. However, since 1-3
polaron binding energy is so large that E}*> — E}? is negative and it predicts the
additional resonance on the left side of the atomic transition resonance, which is
not what we observe on the spectra. We are forced to treat the initial state to be
polaron as well.

We calculate the polaron binding energy by using equation (4.20), which I
derived in Chapter 4. Here, the polaron binding energy is a function of the 2D

local Fermi energy Er joca1 and the dimer binding energy FEj

e [ du ok
¢=x( 2/0 _ln<%>+ln{ (1—%)2—u+(1—§—%)} o

Since we don’t know the 2D local Fermi energy, we assume that the average
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local Fermi energy is proportional to the ideal gas global Fermi energy

Ep (2D local) — M EF (2D ideal gas) (65)

which we can determine experimentally by measuring the total atom number per
pancake in the quasi-two dimensional trap, Er@p ideal gas) = \/Why 0,
where v, = /v, v, The proportional parameter \; is the only fitting parame-
ter. We find that by using one value of \;, \; = 0.67, the predictions of broad
resonance positions based on polaron transitions match with the resonance posi-
tion on all the 12 to 13 transition spectra at 810 G, 832 G and 842 G for different

trap depths as shown as thick red dashed lines in Figures 6.18, 6.19 and 6.20.

6.2.1 Data fitting to extract resonance separations

In order to compare the subtraction of polaron binding energy E}* — E}® with the
data, we need to extract resonance separations from the data by fitting them to
a two peak function. Here I will give some details about how we choose the two
peak function.

In Figures 6.18, 6.19 and 6.20, I list all the spectra fits we have for the com-
parison. The positions of the bare atomic transition resonances are labeled as
vertical red solid lines on the spectra. They are determined from the bare atomic
rf transition experiment from state 2 to 3 without any atom in state 1. We also
measure the atomic transition resonance positions in different trap depths and
different temperatures for transitions from 1-2 mixture to 1-3 mixture. We notice
that the bare atomic transition resonances are in the same place no matter how

we change the parameters.
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Figure 6.18: Fits of the rf spectra around 811G to extract resonance separation
and polaron transition predictions. The vertical red solid lines mark the bare
atomic transition resonances. Red solid curve along the data (blue dots) are the
fits based on the equation (6.7) and (6.12). The thick red dashed lines are the
predicted broad resonance positions based on polaron transitions. (a) 808.6G
(81.8455MHz),v, = 24.5 kHz, 2% trap depth; (b) 809.5G (81.84MHz), v, = 82.5
kHz, 20% trap depth.
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Figure 6.19: Fits of the rf spectra around 832G to extract resonance separation
and polaron transition predictions. The vertical red solid lines mark the bare
atomic transition resonances. Red solid curve along the data (blue dots) are the
fits based on the equation (6.7) and (6.12). The thick red dashed lines are the
predicted broad resonance positions based on polaron transitions. (a) 832.2 G
(81.7065 MHz), v, = 24.5 kHz, 2% trap depth; (b) 832.0 G (81.7076 MHz),v, =
82.5 kHz, 20% trap depth; (c¢) 831.9 G (81.7082 MHz), v, = 135 kHz, 50% trap;
(d) 831.3 G (81.7116 MHz),v, = 179 kHz, 100% trap depth depth.
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Figure 6.20: Fits of the rf spectra at 841.7G to extract resonance separation
and polaron transition predictions. The vertical red solid lines mark the bare
atomic transition resonances (81.653 MHz). Red solid curve along the data (blue
dots) are the fits based on the equation (6.7) and (6.12). The thick red dashed
lines are the predicted broad resonance positions based on polaron transitions.
(a)v, = 24.5 kHz, 2% trap depth; (b)v, = 82.5 kHz, 20% trap depth.
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For the bare atomic transition resonances, we notice that most of them exhibit
a fast rise and a tail toward higher frequency. We believe this shape is caused by
the mean-field shift and should be fitted using a threshold function. The broad
resonances on the right side of the spectra are quite symmetric. A symmetric
peak function should be used to fit it. The combination of these two functions
will serve as the two peak function for the whole spectrum fitting.

In this dissertation, I simply choose half of a Lorentzian function

w/2

(x —1g)? + (w/2)? (6.6)

f(ZB) - @(Va)

to be the the threshold function for the atomic transition resonances. Here O(v,)
is a step function and v, is the atomic transition frequency. w is the width of the

Lorentzian shape. Then broaden it in a convolution,

< fa) w'/2
[1(V)o</0 o RS it (6.7)

where w' is the width of the broadening.

The polaron binding energy £, is different in different places of the atom cloud
because of the different local Fermi energies Ep (ap 1ocal)- 1 integrate £)? — E1% in
a two dimension plane to serve as the symmetric peak function for the fits of the
broad resonances on the right side of the spectra. To simplify the expression of
polaron binding energy, I use the approximate function (4.21) instead of the exact

funciton (4.20). I can get Ef — E;3 for a certain local Fermi energy Er (2p iocal)

vo(Er) = 1 2Ep(n,) B 2EFp(n,) (6.8)
ho{in(1+2Z8)  in(1+ 2Ex) '
b b

135



Then I integrate over the 2D atomic density distribution n (p) to get the total

spectrum.
1 [oF 1 w" /2
I = — 2pd — 6.9
2(7/) NA TP pnj_(p)’/'('[l/—Vo(EF)]2+(w///2)2’ ( )
where
h2 2
Er = —2mn, , n, =ny (1—'0—2). (6.10)
m op

Here N is the 2D total atom number, op is the Fermi radius of the 2D system

and w” is the full width of broadening Lorentzian lineshape. Then

Ex(p) = Er(0) (1 - %) - dEp = —2pdp (Ej(o)) (6.11)

2
F

We can write the spectrum (6.9) as

Er(0) 1 w”/2
L(v) x /0 AEr By~ o (6.12)

Since I do not know the maximum local Fermi energy Er(0), I just assume it
is proportional to the ideal gas Fermi energy we can measure experimentally,
Er(0) = AaEFideal gas 2D EF ideal gas 20 = \/mh vy, where v, = /Uy 1, A
is a fitting parameter. The function I;(v) + I(v) is the two peak function I use
in Figures 6.18, 6.19 and 6.20 to fit the spectra. The fits can tell us the peak
frequencies of the broad resonances. By subtracting the bare atomic transition
frequencies we measured experimentally, we extract the resonance separations.

In our paper [4], we used another two peak function to fit the data. A threshold
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function was derived from the mean field shift,

I(r) = ———— - (6.13)
2 (L_13 o L13+Q> (1 + L3 + L13+Q)

where

2 —L13 h -V, 13
ae _hv=v) q:ln<€ ) (6.14)

b
L13(L13 —+ q) Eg?) 6;2

Here, v, is the bare atomic transition frequency. And a simple Lorentzian func-
tion, which is symmetric, was used to fit the broad resonance. Although different
fitting functions are used, the separations between resonances we extract from the
data are very similar as shown in Table 6.1.

The fact that we can use two different fitting functions to extract almost the
same resonance separations shows that the separations are reliable for next step

comparison with polaron theory.

6.2.2 Polaron transition prediction

In Table 6.1, T list the measured frequency shifts based on both the fits we use
in our paper as Aveqs1 and the fits I show in Figures 6.19, 6.18 and 6.20 as
AVpeasz- These two frequency shifts are consistent with each other although
from different fits. Then we can compare the measured frequency shifts with the
calculated results based on the accurate polaron binding energy function (4.20),
which we obtain in Chapter4. I list the accurate calculation result as Avpsaront
with Ay = 0.67 in Table 6.1. Here, \; is the only fitting parameter compared
with the measured value. And for all of the eight sets of data around Feshbach

resonance, the prediction based polaron-polaron transition match the frequency
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Table 6.1: Frequency shift Av from the bare atomic transition frequencies to
the second resonances on the 12 to 13 rf spectra near 12 Feshbach resonance. The
corresponding axial trap frequency is v,. Two measured values of Av based on
two fits are compared to the values calculated assuming a transition from a 1-2
polaron to a 1-3 polaron. Av,e.s1 corresponds to the fit in our paper [4] and
AVpeasz corresponds to the fit I use in this dissertation. Avpperon1 is calculated
from polaron binding energy function (4.20) with A\; = 0.67 while Avpparon2 18
from the approximate function (4.21) with A; = 0.54.

B(G) | v.(kHz) | Avimeast (kHz) | Avmeas2 (KHz) | Avporaront (KH2) | Avpoiaron2 (kHz)
809 24.0 18.7 20.0 18.3 18.6
810 85.0 37.1 36.4 37.0 38.3
842 24.5 10.1 10.3 9.7 9.5
842 82.5 27.2 28.1 26.7 26.8
832 24.5 12.3 12.6 11.6 11.6
832 82.0 28.3 28.0 29.1 29.5
832 135 38.8 38.8 42.8 43.4
831 179 44.5 43.6 48.3 49.8

shifts quite good. We believe the polaron transition should play an important
part in the spectrum.

I also list the calculation result based on the approximated polaron binding
energy function (4.21) as Alpgaron2 in the table with Ay = 0.54. Although here
the \; is different, we can see that Avpsiaron1 and Avpraron2 are quite close. That
means the subtraction of the polaron binding energies given by the approximated
function is very close to the accurate calculation, although there should be no-
ticeable difference from the accurate calculation for the polaron binding energy

itself.
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6.3 Spectra for different temperatures and atom
numbers

Besides changing magnetic field and trap depth, we also change other parameters
in the quasi 2D rf spectroscopy experiment to see how spectrum change according-
ly. Here I will show you the spectra for different temperatures and atom numbers

of the system.

6.3.1 Spectra for different temperatures

We change the temperature of the system before we apply rf pulse to make the
transitions. In Figure 6.21, we have two 12 to 13 transition spectra at 832 G.
For spectrum in Figure 6.21 (a), it is colder compared with 6.21 (b) while other
parameters are nominally the same. We can see that the second resonance on the
right side is more obvious when the system is colder. I list the positions of the
polaron transition peaks in purple dot-dashed lines and the dimer transition peaks
in red dotted and dashed lines. We can see that when system temperature is low,
the broad resonance position match with the polaron transition resonance very
well. However, when the system temperature become higher, the broad resonance
position moves to the left a little bit. And in the place where the dimer transition
should be, there is a abrupt shape change of the spectrum.

We also have the experimental data for different temperatures at 842G for
both 2% and 20% trap depths. In Figure 6.22, we can see that the spectrum has
the similar change as in 832G data when system temperature increases. And in
Figure 6.23 where I list three different temperatures, we can see the change of

spectrum shape more clearly.
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Figure 6.21: 12 to 13 rf spectra for different temperatures at 832 G, 2% trap
depth, v, = 24.5 kHz. Temperature of the system in (a) is lower than that in
(b). We set the origin of x axis to be 81.7076 MHz corresponding the bare 2 to
3 atomic transition frequency shown as red solid lines. Red dotted lines are the
calculated positions of dimer bound state to scattering state transition resonance
while red dashed lines correspond dimer bound to bound transition resonance.
Positions of polaron transition resonances are shown as purple dot-dashed lines.

I need to mention that for these rf spectra taken around 1-2 Feshbach reso-
nance, the dimer transition predict same resonance positions for different spectra,
as long as the optical trap depths are the same. However, the polaron transition
resonance position would vary since it depends on atom number per site in the
2D system which is different for different cases. So, In Figure 6.21, 6.22 and 6.23,
for one set of data, the red lines are always line up in different subfigures while
the position of purple dot-dashed lines are slightly different.

We also turn the temperature knob around 1-3 mixture Feshbach resonance

around 690 G for 1-3 to 1-2 rf transition. In Figure 6.24, I show two spectra
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Figure 6.22: 12 to 13 rf spectra for different temperatures at 841.7 G, 2% trap
depth, v, = 24.5 kHz. Temperature of the system in (a) is lower than that in (b).
We set the origin of z axis to be 81.653 MHz corresponding the bare 2 to 3 atom
transition frequency shown as red solid lines. Red dotted lines are the calculated
positions of dimer bound state to scattering state transition resonance while red
dashed lines correspond dimer bound to bound transition resonance. Positions of
polaron transition resonances are shown as purple dot-dashed lines.

with different temperatures for 2% trap depths. Here, the 12 dimer binding
energy is too big to let polaron transition dominate. Therefore, I only label the
resonance positions for dimer transitions. We can see that although the dimer
theory can not predict the exact positions of the resonance on the right side,
the error (around 30kHz) is quite small considering the resonance on the right
is very far away from the atomic transition resonance (more than 300kHz). And
while the temperature increase, it is obvious that the tail on the left side of the

atomic transition resonance becomes smaller and for the resonance on the right

side, the left part of it become smaller as well. These changes are consistent with
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Figure 6.23: 12 to 13 rf spectra for different temperatures at 842.4 G, 20% trap
depth, v, = 82.5 kHz. From data (a) to (¢), temperature of the systems increases.
We set the origin of x axis to be 81.6492 MHz corresponding the bare 2 to 3 atom
transition frequency shown as red solid lines. Red dotted lines are the calculated
positions of dimer bound state to scattering state transition resonance while red

dashed lines correspond dimer bound to bound transition resonance. Positions of

polaron transition resonances are shown as purple dot-dashed lines.
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Figure 6.24: 13 to 12 rf spectra for different temperatures at 690 G, 2% trap
depth, v, = 24.5 kHz. Temperature of the system in (a) is lower than that in (b).
We set the origin of x axis to be 82.718 MHz corresponding the bare 3 to 2 atom
transition frequency shown as red solid lines. Red dotted lines are the calculated
position for dimer scattering state to bound state transition resonance while red
dashed lines correspond dimer bound to bound transition resonance.
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the dimer transition assumption, which predicts that the transition from initial
dimers should be suppressed with the decreasing of the dimer number while system

temperature increases.

6.3.2 Spectra for different atom numbers

Then let’s take a look at another parameter, number of atoms. Here we want
to change the number of atoms per pancake in the 2D system Npgpncake since it
will change the Fermi energy of the system as well. Compared with the obvious
change of the spectrum shape when the system temperature varies, the change of
the spectrum is quite small when we try to change Npsncare. In Figure 6.25, we
have data at around 1-2 Feshbach resonance, 832 G for different Npupncqre. System
of Figure 6.25(b) has almost twice Npancake @s system of Figure 6.25(a) has. In
subfigure (c¢), I put both spectra in and scale them vertically to show the shape
difference. We can see a tiny shift of the broader peak in subfigure (b) with respect
to the one in (a). And for both spectra, the polaron transition theory predict the

resonance positions quite well.

144



12}

u ; ! T
, ! o8
8 % ¢ B ?
i do S L JI®
6r §; iﬁ | : [
| ot (@
Lo
. -10 0 10 20 30
= P S . |
gx % '! | : { Npancaﬁgo
° + }iﬁ{' o ; %%ﬂ-‘% 1 |a|Er |16.51kHz
B [ ¢ I { ¢ ]
% , ‘} o i “ RN Epiz | 17.69KI1
< ) t }&ﬁ; . % 1 ] Ep13 | 8.50KHz
g % % .HP ‘ %.}# N, panca}c;lz 30
5 w . w . |b[Er 2058k
= b A e Ep12 20.68kHz
2 -10 0 10 20 30 Ep13 10.54kHz

%ﬁ{}? d '?;Wﬂw&%
¢ ﬁf ;5; f ;%% ﬁ } i
; %gi‘é&&jg .

Il L L L L Il Il L L Il L L L L Il
-10 0 10 20 30

Frequency (kHz)

Figure 6.25: 12 to 13 rf spectra for different atom number per pancake of quasi-
2D system at 832.1 G, at 20% trap depth. (a) and (b) are data with different
atom number per pancake while (¢) is the comparison of the shape of (a) and (b).
We set the origin of x axis to be 81.7071 MHz corresponding the bare 2 to 3 atom
transition frequency shown as red solid lines. Red dotted lines are the calculated
positions of dimer bound state to scattering state transition resonance while red
dashed lines correspond dimer bound to bound transition resonance. Positions of
polaron transition resonances are shown as purple dot-dashed lines.
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Chapter 7

Conclusion

7.1 Summary of the dissertation

This dissertation presented the experimental results of radio-frequency spectroscopy
in a unique geometry, quasi-two dimensional Fermi gas with Er; = 1.5hv,, as well
as theoretical fitting. Although, 50-50 two component mixture is employed, we
notice that the two dimensional non-interacting polaron transition theory fit our
data much better than the corresponding dimer transition theory in the regime
where Er, is comparable to Ej.

This is the first study of pairing in a quasi-two dimensional Fermi gas where
we believe that our experimental results show many body effect in the strongly
interacting region. Our experiments have spurred several theoretical works.

At least three theory groups tried to fit our data. Our polaron transition
interpretation is supported by some of them, while other possible consequences
have been discussed, like effects of higher axial states by using BCS theory. More

theoretical work is required to fully understand our data.
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7.2 Outlook

Based on my current work, the quasi-two dimensional system we explored has
such a unique geometry which changes the system from pure 2D in a way we do
not fully understand.

Next step, we can employ high resolution imaging system to take in situ images
of atoms and to study the hydrodynamic expansion in this unique system. This
may help us to find a reliable method to measure the temperature of the quasi-two
dimensional system. For the radio frequency spectroscopy experiment, we also can
do more accurate measurement with high resolution imaging by considering the
inhomogeneous density in the harmonic trapping potential.

Based on the apparatus we have, we can add some equipments to give us more
freedom to play with the system. For example, by adding one or two lasers we can
modify the dimensionality even further. If we can upgrade the magnets system
with fast response, interaction between atoms can be changed with no time. I
believe more interesting experiments can be done in the near future.

Ultracold Fermi gas is such an amazing system that many researchers jump
into this exciting field and do research experimentally and theoretically in order
to understand its properties and interplay with Bose system. There were only six
pioneer experimental groups in the ultracold Fermi gas field including our group
around 2000. Till now, there are more than 200 research groups in the world
studying ultracold atoms experimentally and theoretically. It is for sure that the

investigation in this field has endless potential.
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Appendix A

Mathematica file for °Li
hyperfine structure

PROGRAM DESCRIPTION:

This Mathematica 8.0 program calculates 5Li Hyperfine energies in a certain
magnetic field, plots the energy level versus magnetic field, at last shows energy
difference in some particular magnetic fields. Here energies are given in units of
the hyperfine constant, a, where 3a/2 = 228 2M Hz is the F' =3/2—F = 1/2
splitting at B = 0. Note that mu0 x B/a = 92.00 x B is the shift of a Bohr
magneton per Tesla in units of a. Energies are plotted from E1 to E6 with
E1 lowest.

gl = .0004476540 (* see Rev.Mod.Physics Vol .49 No .1, 1977 x);
gJ = -2.0023010(* see Rev.Mod.Physics Vol .49 No .1, 1977 x);
mu0 = 9.2740154 107-24;

h = 6.6260755 107-34;

\[Mu]O = 1.399624604*10°10 (* Bohr magneton in Hz/T *)

a = 152.1368407 %1076 (* Hz *)

q = \[Mul0/ax(-gJ + gI)/2

zp[B_] := 1/2 + 2xq*B

rp[B_] := Sqrt[2 + (zp[Bl)"2]

sp[B_] := 1/Sqrt[1 + (zp[B] + rp[Bl)~2/2]
cp[B_] := Sqrt[1 - sp[B]~2]

zm[B_] := -1/2 + 2xq*B

rm[B_] := Sqrt[2 + (zm[B])"~2]

sm[B_] := 1/Sqrt[1 + (zm([B] + rm[B])"~2/2]
cm[B_] := Sqrt[1 - sm[B]"2]
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energyl[B_]
energy2[B_]
energy3[B_]
energy4[B_]
energy5[B_]
energy6 [B_]

= -1/4 - rp(B]/2 - gI \[Mu]O
= -1/4 - rm([B]/2 + gI \[Mu]O
=1/2 + gJ \[MulO B/ (2 a) +

-1/4 + rm[B]/2 + gI \[Mu]O
-1/4 + rp[B]/2 - gI \[MulO
1/2 - gJ \[Mu]O B/ (2 a) -

B/(2 a)
B/(2 a)
gl \[MulO B/ a
B/(2 a)
B/(2 a)
gl \[MulO B/ a

Plot[{energyl[B/10000], energy2[B/10000], energy3[B/10000],
energy4[B/10000], energy5[B/10000], energy6[B/10000]}, {B, 0, 1200},
PlotRangeClipping -> True, Frame -> True,

FrameLabel -> {Style["Magnetic field (B)", FontSize -> 13],
Style["Hyperfine energies in units of \!\(\*FractionBox[\(a\), \(h\

\)I\)", FontSize —> 1217},

PlotStyle -> {Red, Red, Blue, Blue, Blue, Blue}]

a*x(energy2[0.08341] - energyl[0.08341])
a*x (energy2[0.0830] - energy1[0.0830])
a*x (energy3[0.08414] - energy2[0.08414])
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